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Lecture 13.: Inverse and Composition Mappings    

Introduction 

In mathematics, a function is a rule that assigns each element from a set 

(called the domain) to exactly one element in another set (called the 

codomain). The concept of an inverse function or inverse mapping is crucial 

in understanding how we can reverse this assignment process. 

Inverse Mapping (Function):   

Given a function f: A → B , an inverse mapping (or inverse function) of f , 

denoted as f −1 , is a function from  B back to  A such that:. 

f −1(𝑦) = x ⇔ f(𝑥) = 𝑦 

Examples: 4.5.  Let 𝑓: {1,2,3}  →  {𝑎, 𝑏, 𝑐} ;     

  𝑓 =  {(1, 𝑎), (2, 𝑏), (3, 𝑐)} . Then, 𝑓−1: {𝑎, 𝑏, 𝑐} → {1,2,3}  

  𝑓−1  =  {(𝑎, 1), (𝑏, 2), (𝑐, 3)}  

Remark (4.1):  Mathematically, the inverse of mapping exists iff the 

mapping is bijective.   

Examples: 4.6. 1) Let 𝑓: 𝑍 →  𝑍;    𝑓(𝑥) = 𝑥 + 1 find inverse of f ?  

Solution:   firstly,  to prove 𝑓 is bijective  

Let x1, x2  ∈ 𝑍 such that f(x1) =  f(x2) ⟹ x1 + 1 = x2 + 1 ⟹ x1 = x2 

Then f  is (1-1)    ….(1) 

Let 𝑦 ∈ 𝑍 ⟹ y − 1 = x ∈ 𝑍 ⟹ f(𝑥) = 𝑦 then f is onto  ….(2) 

From (1)and (2) f is bijective  
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  𝑓−1 exists ⟹ 𝑓−1:  𝑍 →  𝑍 such that 𝑓−1(𝑦) = 𝑦 − 1 

2) Let 𝑓: 𝑅 →  𝑅;    𝑓(𝑥) = (𝑥 − 1)2 − 1. Is 𝑓−1 exists?  

Solution:    

Since f(−1) =  f(3) = 3 but −1 ≠ 3 this means that f is not (1-1). Hence f is 

not bijective and  𝑓−1 is not exists.  

 

3) Let 𝑓: 𝑅 →  𝑅;    𝑓(𝑥) = 𝑥3 . Is 𝑓−1 exists ? if it exists find inverse of f ?  

Solution:   firstly,  to check 𝑓 is bijective  

Let x1, x2  ∈ 𝑅 such that f(x1) =  f(x2) ⟹ x1
3 = x1

3 ⟹ x1 = x2 

Then f  is (1-1)    ….(1) 

Let 𝑦 ∈ 𝑅 ⟹ √y3 = x ∈ 𝑅 ⟹ f(𝑥) = 𝑦 then f is onto  ….(2) 

From (1)and (2) f is bijective  

  𝑓−1 exists ⟹ 𝑓−1:  𝑅 → 𝑅 such that 𝑓−1(𝑦) = √y3  

4)  Let 𝑓: [0, ∞)  → [0, ∞);    𝑓(𝑥) = √𝑥 . Is 𝑓−1 exists ? if it exists find inverse 

of f ?  

Solution:   firstly,  to check 𝑓 is bijective  

Let x1, x2  ∈ [0, ∞) such that f(x1) =  f(x2) ⟹ √x1 = √x2  ⟹ x1 = x2 

Then f  is (1-1)    ….(1) 

Let 𝑦 ∈ [0, ∞) ⟹ 𝑦2 = x ∈ [0, ∞) ⟹ f(𝑥) = 𝑦 then f is onto  ….(2) 

From (1)and (2) f is bijective  

  𝑓−1 exists ⟹ 𝑓−1:  [0, ∞)  → [0, ∞) such that 𝑓−1(𝑦) = 𝑦2 

Remark (4.2): The following statements are hold:  

1. (𝑓−1)−1 = 𝑓      (Check)  

2. 𝑓 = 𝑓−1 ⇔ 𝑓 = 𝐼𝐴    (Check) 
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Definition (4.2):   Let 𝑓 and 𝑔 be two mappings. Then, 𝑓 𝑎𝑛𝑑 𝑔 are called 

equal denoted by 𝑓 = 𝑔 if and only if 𝐷𝑓 = 𝐷𝑔    𝑎𝑛𝑑 𝑓(𝑥) = 𝑔(𝑥) , ∀𝐱 ∈  𝐷𝑓    

 

Composition of Mappings (Functions):   

Let 𝑔: 𝐴 →  𝐵 and 𝑓: 𝐵 →  𝐶 be two mappings. Then, the composition  

mapping 𝑓𝑜𝑔: 𝐴 → 𝐶 is defined as  follows  

𝒇𝒐𝒈(𝒙) = 𝒇(𝒈(𝒙)),        ∀𝐱 ∈  𝐀  

Remark (4.3):  Let 𝑓: 𝐴 → 𝐵 and 𝑔: 𝐶 → 𝐷. Then  

1. 𝑓𝑜𝑔 is exist if and only if  𝑅𝑔 ⊆ 𝐷𝑓 

2. 𝑔𝑜𝑓 is exist if and only if 𝑅𝑓 ⊆ 𝐷𝑔  

3. 𝑓𝑜𝑔 ≠  𝑔𝑜𝑓  

 

 

Examples: 4.7. 1) Let 𝑓: 𝑍 →  𝑍;    𝑓(𝑥) = 𝑥 + 1 and 𝑔: 𝑍 →  𝑍;    𝑔(𝑥) = 2𝑥  

Is 𝑓𝑜𝑔 exist ? If it is  exist,  find 𝑓𝑜𝑔?  

Solution: Since 𝑅𝑔 ⊆ 𝐷𝑓 ⟹ 𝑓𝑜𝑔 is exist.  

𝑓𝑜𝑔(𝑥) = 𝑓(𝑔(𝑥)) = 𝑓(2𝑥) = 2𝑥 + 1 

 

2) Let 𝑓: [0,
𝜋

2
] → [0,1];    𝑓(𝑥) = sin(𝑥) and 𝑔: 𝑅 →  𝑅;    𝑔(𝑥) = 2𝑥  Are  𝑓𝑜𝑔 

and 𝑔𝑜𝑓 exist ?  

Solution: Since 𝑅𝑔 = R  is not subset of  𝐷𝑓 = [0,
𝜋

2
]  ⟹ 𝑓𝑜𝑔 is not exist.  

Since 𝑅𝑓 = [0,1] is a subset of  𝐷𝑓 = 𝑅 ⟹ 𝑔𝑜𝑓 is  exist. 

𝑔𝑜𝑓(𝑥) = 𝑔(𝑓(𝑥)) = 𝑔(sin(𝑥)) = 2 sin(𝑥) 

 



Foundations of Mathematics                            AL-Mustansiriyah University                                                       Lecture 13: 

Page 4 

Theorem (4.4): Let 𝑓: 𝐴 →  𝐵  and  𝑔: 𝐵 →  𝐶 be two mappings, then  

1. If 𝑓 𝑎𝑛𝑑  𝑔 𝑎𝑟𝑒 (1 − 1) then 𝑔𝑜𝑓 𝑖𝑠 𝑎𝑙𝑠𝑜  (1 − 1)  

2. If 𝑔𝑜𝑓 is  (1 − 1) then 𝑓 is  (1 − 1)  

3. . If 𝑓 𝑎𝑛𝑑  𝑔 are onto then 𝑔𝑜𝑓 is also onto  

4. If 𝑔𝑜𝑓 is onto then 𝑔 is onto  

Proof:  1. Suppose that 𝑓 𝑎𝑛𝑑  𝑔 𝑎𝑟𝑒 (1 − 1) to prove 𝑔𝑜𝑓 𝑖𝑠   (1 − 1) 

Let x1, x2  ∈ 𝐴 such that 𝑔𝑜𝑓(x1) =  𝑔𝑜𝑓(x2) ⟹ 𝑔(𝑓(x1)) =  𝑔(𝑓(x2))  

⟹ 𝑓(x1) = 𝑓(x2)       (Since 𝑔 is (1 − 1)) 

⟹ x1 = x2       (Since 𝑓 is (1 − 1)) 

Then, 𝑔𝑜𝑓 is (1 − 1) 

 

2. Suppose that 𝑔𝑜𝑓 is  (1 − 1)  to prove 𝑓 𝑖𝑠   (1 − 1) 

Let x1, x2  ∈ 𝐴 such that 

 𝑓(x1) =  𝑓(x2) ⟹ 𝑔(𝑓(x1)) =  𝑔(𝑓(x2))  (Since 𝑔 is  mapping (well 

defined) 

⟹ 𝑔𝑜𝑓(x1) =  𝑔𝑜𝑓(x2)        (Since 𝑔𝑜𝑓 is (1 − 1)) 

⟹ x1 = x2  

Then, 𝑓 is (1 − 1) 

3. Suppose that 𝑓 𝑎𝑛𝑑  𝑔 are onto to prove 𝑔𝑜𝑓 is onto 

Let 𝑧 ∈ 𝐶 ⟹ ∃𝑦 ∈ 𝐵 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑧 = 𝑔(𝑦) (Since 𝑔 is 𝑜𝑛𝑡𝑜) 

Since 𝑦 ∈ 𝐵 ⟹ ∃𝑥 ∈ 𝐴 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑦 = 𝑓(𝑥) (Since𝑓 is 𝑜𝑛𝑡𝑜) 

Then,  𝑧 = 𝑔(𝑦) = 𝑔(𝑓(𝑥) ) =  𝑔𝑜𝑓(𝑥)  (Definition of composition) 

 Then 𝑔𝑜𝑓 is onto 
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4. Suppose that 𝑔𝑜𝑓 is onto then 𝑔 is onto  

Let 𝑧 ∈ 𝐶 ⟹ ∃𝑥 ∈ 𝐴 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑧 = 𝑔𝑜𝑓(𝑥) (Since 𝑔𝑜𝑓 is 𝑜𝑛𝑡𝑜) 

⟹  𝑧 = 𝑔(𝑓(𝑥)) 𝑎𝑛𝑑  𝑦 = 𝑓(𝑥)  ∈ 𝐵  (Since𝑓 is 𝑚𝑎𝑝𝑝𝑖𝑛𝑔) 

Then,  𝑧 = 𝑔(𝑦)   

 Then 𝑔 is onto 

Theorem (4.5): Let 𝑓: 𝐴 →  𝐵   and  𝐼𝐴: 𝐴 →  𝐴  (identity mapping)  be 

mappings, then  

1. 𝑓𝑜 𝐼𝐴 = 𝑓 

2. 𝐼𝐴𝑜𝑓 = 𝑓     (H.W.) 

Proof:  1. To  prove 𝐷𝑓 = 𝐷𝐼𝐴    𝑎𝑛𝑑 𝑓(𝑥) = 𝐼𝐴(𝑥) , ∀𝐱 ∈  𝐷𝑓   

 𝐷𝑓 = 𝐷𝐼𝐴   (Definition of identity mapping) 

Let 𝑥 ∈ 𝐴 ⟹ 𝑓𝑜 𝐼𝐴(𝑥) = 𝑓( 𝐼𝐴(𝑥)) =  𝑓( 𝑥) 

 

Theorem (4.6): Let 𝐴, 𝐵 𝑎𝑛𝑑 𝐶 are non empty sets. Then,   

1. If  𝑓: 𝐴 →  𝐵 is bijective mapping  then   𝑓−1𝑜𝑓 =  𝐼𝐴  and   𝑓𝑜𝑓−1  =  𝐼𝐵 

2. If  𝑓: 𝐴 →  𝐵 is  bijective mapping then 𝑓−1: B →  A  is also bijective 

mapping.  

3. If 𝑓: 𝐴 →  𝐵, 𝑔: 𝐵 →  𝐶, ℎ: 𝐶 →  𝐷 then (ℎ𝑜𝑔)𝑜𝑓 =  ℎ𝑜(𝑔𝑜𝑓)  

4. If 𝑓: 𝐴 →  𝐵 and 𝑔: 𝐵 →  𝐶  are  bijective mappings  then 

     (𝑔𝑜𝑓)−1 = 𝑓−1𝑜𝑔−1 

Proof:  1.  To prove 𝐷𝑓−1𝑜𝑓 = 𝐷𝐼𝐴    𝑎𝑛𝑑 𝑓−1𝑜𝑓 (𝑥) = 𝐼𝐴(𝑥) , ∀𝐱 ∈  𝐷𝐼𝐴   

𝐷𝑓−1𝑜𝑓 = 𝐷𝑓 = 𝐴   (Definition of composition) 

𝐷𝐼𝐴  = 𝐴 ⟹ 𝐷𝑓−1𝑜𝑓 = 𝐷𝐼𝐴   
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Let 𝑥 ∈ 𝐴 ⟹ 𝑓−1𝑜𝑓 (𝑥) = 𝑓−1(𝑓 (𝑥))  … (1) 

Since 𝑓 is a mapping then ∃𝑦 ∈ 𝐵 such that 𝑦 = 𝑓(𝑥)  … (2) 

Substitute (2) in (1)  we have,  

𝑓−1𝑜𝑓 (𝑥) = 𝑓−1(𝑓 (𝑥)) = 𝑓−1(𝑦) = 𝑥      (Definition of inverse mapping) 

∴ 𝑓−1𝑜𝑓 =  𝐼𝐴 

In the similar method,  prove 𝑓𝑜𝑓−1  =  𝐼𝐵 

2.    Suppose that 𝑓: 𝐴 →  𝐵 is  bijective mapping to prove  𝑓−1: B →  A  is 

bijective mapping 

 Since 𝑓is  bijective mapping then  𝑓−1 is exist  

Let 𝑦1, y2  ∈ 𝐵 such that  𝑓−1(𝑦1) = 𝑓−1(𝑦2) 

 Since 𝑓 is onto  ∃x1, x2 ∈ A such that 𝑦1 = 𝑓(x1) and 𝑦2 = 𝑓(x2) 

⟹ x1 = x2   (Since 𝑓−1(𝑦1) = 𝑓−1(𝑦2)) 

⟹ 𝑓(x1) =  𝑓(x2)        (Since 𝑓 is 𝑤𝑒𝑙𝑙 𝑑𝑒𝑓𝑖𝑛𝑒𝑑) 

⟹ y1 = y2  

Then, 𝑓−1 is (1 − 1).    …(1) 

 Let 𝑥 ∈ 𝐴 ⟹ ∃𝑦 ∈ 𝐵 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑦 = 𝑓(𝑥)      (Since 𝑓 is 𝑜𝑛𝑡𝑜) 

⟹ 𝑥 = 𝑓−1(𝑦)        (Definition of inverse mapping) 

Then,  𝑓−1 is onto.     …(2) 

From (1) and (2)   𝑓−1 is bijective mapping 

3. H.W. 

4. Suppose that  𝑓: 𝐴 →  𝐵 and 𝑔: 𝐵 →  𝐶  are  bijective mappings  to prove  

(𝑔𝑜𝑓)−1 = 𝑓−1𝑜𝑔−1  

Let ℎ = 𝑔𝑜𝑓: 𝐴 →  𝐶 ⟹ ℎ𝑜ℎ−1 = 𝐼𝐶      ( from Theorem (4.6) )   

 ℎ𝑜(𝑓−1𝑜𝑔−1) = (𝑔𝑜𝑓)𝑜(𝑓−1𝑜𝑔−1)     

=  𝑔𝑜(𝑓𝑜𝑓−1𝑜𝑔−1)     (o is associative) 

=  𝑔𝑜(𝐼𝐵𝑜𝑔−1)           (from Theorem (4.6))   
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 =  𝑔𝑜𝑔−1        (from Theorem (4.5) )             

= 𝐼𝐶          

Then,  ℎ𝑜ℎ−1 = ℎ𝑜(𝑓−1𝑜𝑔−1) ⟹ ℎ−1 = (𝑓−1𝑜𝑔−1) 

Exercises 

Exercise 1: prove or disprove  

1. If 𝑓 𝑎𝑛𝑑  𝑔 𝑎𝑟𝑒 (1 − 1) then   𝑓−1𝑜𝑔−1 is (1 − 1) 

2. If 𝑓 𝑎𝑛𝑑  𝑔 𝑎𝑟𝑒 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒  then   𝑓−1𝑜𝑔−1 is 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 

3. If 𝑓 𝑖𝑠  𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒  then   𝑓−1𝑜𝑓 is 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 

Exercise 2: Can a mapping have an inverse if it is not onto? Why? 

Exercise 3:  Find the formula for the inverse function 𝑓−1(𝑥) of the following 

functions:  

1. 𝒇(𝒙) =
𝒙

𝟐+𝒙
 

𝟐. 𝒇(𝒙) = 𝒙𝟐 + 𝟔𝒙 + 𝟗  

3. 𝒇(𝒙) = √𝒙 − 𝟏
𝟑

 

 Exercise 4:  If 𝑓 𝑎𝑛𝑑 𝑔  are two bijective mappings such that  𝑓𝑜 𝑔 = 𝑔𝑜𝑓    

 Does it follow that 𝑓 = 𝑔? Why or why not? 

Exercise 5:  If 𝑓 𝑎𝑛𝑑 𝑔  are two bijective mappings such that  ℎ = 𝑔𝑜𝑓  . 

Show that   𝑓−1 is well defined.   
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