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Introduction

In mathematics, a function is a rule that assigns each element from a set
(called the domain) to exactly one element in another set (called the
codomain). The concept of an inverse function or inverse mapping is crucial
in understanding how we can reverse this assignment process.

Inverse Mapping (Function):
Given a function f:A - B, an inverse mapping (or inverse function) off,
denoted as ™, is a function from B back to A such that:.

') =xef) =y
Examples: 4.5. Let f: {1,2,3} - {a,b,c};
f = {(1,a),(2,b),(3,c)}. Then, f~*: {a, b, c} - {1,2,3}
f7 = 1{(a1),(2),(c3)}

Remark (4.1): Mathematically, the inverse of mapping exists iff the
mapping is bijective.

Examples: 4.6. 1) Let f: Z —» Z; f(x) = x + 1 find inverse of f?
Solution: firstly, to prove f is bijective
Letx;,X, € Zsuchthatf(x;) = f(x,) =2 x,+1=x+1=%x, =%,
Then f is (1-1) ...(1)
LetyeZ =y—-1=x€Z = f(x) = ythenfisonto ...(2)

From (1)and (2) fis bijective
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flrexists= f™1: Z - Zsuchthatf~!(y) =y —1
2)Letf:R > R; f(x)=(x—1)?—1.1Is f ! exists?
Solution:

Since f(—1) = f(3) = 3 but —1 # 3 this means that fis not (1-1). Hence f is
not bijective and f~1! is not exists.

3)Letf:R — R; f(x) =x3.Is f~! exists ? if it exists find inverse of f?
Solution: firstly, to check f is bijective
Letx,,X, € Rsuchthatf(x;) = f(x,) =2 x} =x} = x, = x,
Thenf is (1-1) ...(1)
Lety ER = i/; =x € R = f(x) = y thenfis onto ...(2)
From (1)and (2) fis bijective
flexists= f~': R - Rsuchthat f~'(y) = {/y

4) Letf:[0,0) —= [0,); f(x)=+/x.Isf~!exists ? if it exists find inverse
of f?

Solution: firstly, to check f is bijective
Let x;,x, € [0,0) such thatf(x;) = f(x,) = VX, = VX; = X; =X,
Thenf is (1-1) ...(1)
Lety € [0,00) = y? = x € [0,00) = f(x) = y then fis onto ....(2)
From (1)and (2) fis bijective
f~Yexists= f~1: [0,0) — [0,) such that f~1(y) = y?

Remark (4.2): The following statements are hold:

L. (f"™)'=f (Check)
2. f=f1e f=1, (Check)
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Definition (4.2): Letf and g be two mappings. Then, f and g are called
equal denoted by f = g ifand onlyif D, = D; and f(x) = g(x),VXx € Dy

Composition of Mappings (Functions):

Letg:A - Band f: B — C betwo mappings. Then, the composition
mapping fog: A — C is defined as follows

fog(x) =f(gx)), vxeA

Remark (4.3): Let f: A— B and g: C » D. Then

1. fog is existif and only if R; < Dy A _ B C
o u=glx) y=flu)
2. gof isexistifand only if R € D, T Yl
x| g(x) | fle(x))
3. fog # gof \
fos

Examples: 4.7. 1) Letf:Z - Z; f(x) =x+1andg:Z - Z; g(x) =2x
Is fog exist ? If itis exist, find fog?

Solution: Since R; € Dy = fog is exist.

fog(®) = f(g(x)) = f(2x) = 2x + 1

2) Letf: [0,%] - [0,1]; f(x) =sin(x)and g:R - R; g(x) =2x Are fog

and gof exist?
Solution: Since R; = R is not subset of Dy = [O,E] = fog is not exist.
Since Ry = [0,1] is a subset of Dy = R = gof is exist.

gof(x) = g(f(x)) = g(sin(x)) = 2sin(x)
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Theorem (4.4): Letf: A - B and g: B — C be two mappings, then
1. If fand g are (1 — 1) then gof isalso (1 —1)
2. Ifgofis (1—1)thenfis (1—1)
3..If f and g are onto then gof is also onto
4. If gof is onto then g is onto
Proof: 1.Suppose that f and g are (1 — 1) to prove gof is (1 —1)
Letxy, X, € Asuchthat gof(x;) = gof(x;) = g(f(x1)) = g(f(x2))
= f(x;) = f(x,) (Since gis (1 —1))
= X; =X, (Since fis(1—-1))

Then, gof is (1 — 1)

2. Suppose that gof is (1 —1) toprove fis (1—1)
Let x4, X, € A such that

f&x) = fx) = g(f(x)) = g(f(x;)) (Since g is mapping (well
defined)

= gof(xy) = gof(x,) (Since gof is (1 — 1))
= X; = X,
Then, fis (1 —1)
3. Suppose that f and g are onto to prove gof is onto
Letz € C = 3y € B such that z = g(y) (Since g is onto)
Sincey € B = 3x € A such that y = f(x) (Sincef is onto)
Then, z = g(y) = g(f(x) ) = gof(x) (Definition of composition)

Then gof is onto
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4. Suppose that gof is onto then g is onto

Letz € C = 3x € Asuch that z = gof (x) (Since gof is onto)
= z=g(f(x)) and y = f(x) € B (Sincef is mapping)
Then, z = g(y)
Then g is onto

Theorem (4.5): Letf:A - B and I;:A — A (identity mapping)
mappings, then

1. foly=f
2. Iyof =f (HW)

Proof: 1.To prove Dy = D;, and f(x) = [,(x),VX € Dy
Dy = D;, (Definition of identity mapping)

Letx € A= fo I,(x) :f(IA(x)) = f(x)

Theorem (4.6): Let A, B and C are non empty sets. Then,
1. If f: A - B is bijective mapping then f~lof = I, and fof™! =

2.1f f: A > Bis bijective mapping then f~1: B — A is also bijective
mapping.

3.IfftA - B,g:B - C,h:C = D then (hog)of = ho(gof)
4. 1ff:A - Band g: B = (C are bijective mappings then
(gof)™ =f"log™
Proof: 1. To prove Ds-1,; = D;, and f~'of (x) = I,(x),VX € D,,
Dg-1, = Dy = A (Definition of composition)

DI =A:Df_10f = DIA

A
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Letx € A= f~lof () =f71(f (x)) ..(1)

Since f is a mapping then 3y € B such thaty = f(x) ... (2)

Substitute (2) in (1) we have,

frof (x) = fY(f (x)) = f2(y) =x (Definition of inverse mapping)
~f7lof =1,

In the similar method, prove fof™! = I

2. Suppose that f: A — B is bijective mapping to prove f~1:B - A is
bijective mapping

% Since fis bijective mapping then f~!is exist
Lety;,y, € Bsuchthat f~1(y;) = f~1(y,)
Since f is onto 3Ix,,X, € Asuchthaty; = f(x;) and y, = f(x;)
= x; =%, (Since 71 (y) = f71(y2))
= f(x4) = f(xz)  (Since f iswell defined)
= V1 =Y2
Then, f~tis (1 —1). ..(1)

v Letx € A= Jy € Bsuchthaty = f(x) (Since f is onto)
= x = f"1(y) (Definition of inverse mapping)
Then, f~1isonto. ..(2)

From (1) and (2) f~1is bijective mapping

3. HW.
4. Suppose that f:A - Band g: B — (C are bijective mappings to prove

(gof)™ = f""og™

Leth = gof:A » C = hoh™ =1, (from Theorem (4.6))
ho(f~tog™") = (gof)o(ftog™)

= go(foftog™) (oisassociative)
= go(lzog™) (from Theorem (4.6))
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= gog~?! (from Theorem (4.5))
=1,

Then, hoh™* = ho(ftog ™) = h 1 = (flog™)

Exercises

Exercise 1: prove or disprove

1.If f and g are (1 —1) then f~log tis(1—1)
2.If f and g are bijective then f~log~!is bijective

3.If f is bijective then f~lof is bijective

Exercise 2: Can a mapping have an inverse if it is not onto? Why?

Exercise 3: Find the formula for the inverse function f ~1(x) of the following

functions:
Lf(x) =
2.f(x) =x*+6x+9
3.f(x) =Vx—1

Exercise 4: If f and g are two bijective mappings such that fo g = gof

Does it follow that f = g? Why or why not?

Exercise 5: If f and g are two bijective mappings such that h = gof .

Show that f~!is well defined.
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