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Chapter Three

Relations

Lecture 6.: Cartesian Product

Introduction

The Cartesian product is a fundamental concept used to build many ideas in
mathematics, engineering, and programming. It is defined as the operation
that produces a set of ordered pairs, where the first element of each pair
comes from the first set, and the second element comes from the second set.

Ordered pair:

Ordered pair is a mathematical concept used to represent two elements
arranged in a specific order where the order of elements is important. It is
written in the form (a, b) where a is the first element and b is the second
element.

Properties of Ordered Pairs:

Let a,b, c and d be elements. Then:
1.(a,b) = (c,d) ®a=cAb=d
2.(a,b) = (b,a)ifa#b

Cartesian Product:
If A and B are two sets, their Cartesian product is denoted by A X B and is
defined as :

A X B={(a,b);a€A A b € B}
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The size of Cartesian product is calculated as: if A has n elements and B has
m elements then A X B hasm X n elements.

Examples: 3.1. let A = {1,2} and B = {3,4}
A x B=1{(1,3),(1,4),(2,3),(2,4), }
AxA={(1,1),01,2),021),02,2), }
Bx A={(3,1),(3,2),4,1),4,2), }
AX Q=0
Theorem 3.1. Let A, B, D and C be any sets in universal set X. Then

1.IfA= @ orB= @ then A X B =0
2AXB=BxXxA&< A=8B
3.AXBnNnC =AxB)NAxC

4 AXx BuUuC=AxBU(MXO
5AXx (B-C=AxB)—-(Ax0
6.(AXB)n(CxD)=((AnC) x (BnD)
7.f AcCandBS DthenA X BEC x D

Proof:1. Suppose that A X B # @, thismeans3 (a,b) € A X B =
a€AADbeB (Defof A X B)

= A+ @ A B+ @, thisimplies to C!

~AXB =290

2. (=) Supposethat A X B = B X A toprove A = B
Foreach(x,y) E AX B = x € AAy € B (Def.of A X B)
xy) EBXA=x€eBAy€eEA (AXB=BXxA)
= ACSCBABCA

— A =B

(&) Supposethat A=B toprove A X B =B X A
Let(x,y) EAXB e xe€ AAy € B (Def.of A X B)
S xeEBAyeA (A=DB)
< (x,y) €EBXA
~AXB=BXA
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3. ToproveA X (BNC = A XxB)n (AxC(C

Let(x,y)EAX BNC&e xeAAy e(Bnl (Def.of A X B)
< x € AN (y eBAy €C) (Def.ofn)
& x € ANy €B) A(x e ANy € C) (Adistributives on A)
< (x,y) € A XB A(xy) € A XC (Def of Cartesian Product)
= (xy)€ (A X B)n (A x C) (Def.of N)

~AX BnNnC =AxB)NAXxXO0

5 AX (B-C) = AXB)—-(A x 0
Let(x,y)E AX B—C) < x € ANy € (B—C) (Def.of Cartesian Product)
Sx €EAAN(y€eBAy & C) (Def of difference)
& XeEAANYyEB)AXEAANY & 0C)
(A distributives on A)
< (xy) EAXBA(KxY) € AxC
S xXeEANYyEB)AXXEAANY & C) (dist. Aon A)
S (x,y) € AX BA(xy) € A X C (Def of Cartesian Product
& (x,y) € (A X B)—(A x C) (Def. of difference)
“AX (B-C=(AxXxB)—-(AxO0

6. AXB)n(CxD)=(ANC x (BnD

Let (x,y) € (A x B)n (C x D)
& (xy)EAXBAKEYECXD (Def.of N)
© (xeAANy€eEB)A(x€e CAy € D) (Def. of Cartesian Product
© (xe AAx€eC)AN(ye€eBAy € D) (Acommut. and associ.)
= x€e(ANnC)Ay €e(BnD) (Def.of N)
& xy)€E(AnC) x (BnD) (Def. of Cartesian Product

Definition 3.1.If A, A, A,, .., A, aresets in X, then
LA =A X Ay X oo X Ay ={(X1,Xg, o, Xp); X1 EALAX, EA AN LLAX, EAL S
A"=AX AX..X A
Examples: 3.2. 1)let A ={1,2},B = {1} and C = {3,4}. Then
A x BxC={(1,1,3),(1,1,4),(2,1,3),(2,1,4) }
A2=Ax A={(1,1),(1,2),(2,1),(2,2) }

2) let R be a set of real numbers. Then
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R* =

RX R

R®=RXx Rx R

Exercises

Exercise 1: Prove or disprove the following
1.LAXB=AxXxCe B=C
2.AX(BxC)=(AxB)xC

Exercise 2: Prove or disprove the following

1.P(A x B) € P(A) x P(B)
2.P(AU B) = P(A) U P(B)
Exercise 3:LetA = {x € N:2 < x < 4}, B =1{2,3,6} and C= N.

FindAX (BUC) , Ax (BNC)
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