
First order first degree ODE 

The simplest type of ODE is that of the first order and first degree 

is of the form. 

1- 𝑓(𝑥, 𝑦, 𝑦′)    

2- 𝑦′ = 𝑓(𝑥, 𝑦)  or  
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦) 

3- 𝑀(𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦 = 0 

Since (1), (2) and (3) are equivalent 

Examples: 

1- 3𝑦𝑦′ + 4𝑥2 − 2𝑥 = 0                       𝑓(𝑥, 𝑦, 𝑦′) 

2- 𝑦′ =
2𝑥−4𝑥2

3𝑦
                                        𝑦′ = 𝑓(𝑥, 𝑦) 

3- 3𝑦𝑑𝑦 + (4𝑥2 − 2𝑥)𝑑𝑥) = 0            𝑀(𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦 = 0 

 

1. Solve the ODE of First order, first degree  

1.1. Variable separable equation: In this case, the ODE can 

be written in the form 𝑀(𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦 = 0 integration of 

both sides gives the general solution 

∫ 𝑀(𝑥, 𝑦)𝑑𝑥 + ∫ 𝑁(𝑥, 𝑦)𝑑𝑦 = 𝑐 

Examples: find the general solution of the ODE 

1- 𝑥(𝑦2 − 1)𝑑𝑥 − 𝑦(𝑥2 − 1)𝑑𝑦 = 0 

[𝑥(𝑦2 − 1)𝑑𝑥 = 𝑦(𝑥2 − 1)𝑑𝑦]         ÷ (𝑦2 − 1)(𝑥2 − 1) 

∫
𝑥

𝑥2−1
𝑑𝑥 = ∫

𝑦

𝑦2−1
𝑑𝑦  

1

2
𝑙𝑛|𝑥2 − 1 =|

1

2
𝑙𝑛|𝑥2 − 1| + 𝑐 

 



2- 
𝑑𝑦

𝑑𝑥
=

(2𝑙𝑛𝑥+1)

sin 𝑦+𝑦 cos 𝑦
 

∫ (sin 𝑦 + 𝑦 cos 𝑦)𝑑𝑦 = ∫(2𝑙𝑛𝑥 + 1)𝑑𝑥 

− cos 𝑦 + 𝑦 sin 𝑦 + cos 𝑦 = 2(𝑥𝑙𝑛𝑥 − 𝑥) + 𝑥  

𝑦 sin 𝑦 = 2𝑥𝑙𝑛𝑥 − 𝑥 + 𝑐 

 

3- 3𝑒𝑥(1 + tan 𝑦)𝑑𝑥 + (1 − 𝑒𝑥) sec2 𝑦 𝑑𝑦 = 0 

[(1 − 𝑒𝑥) sec2 𝑦 𝑑𝑦 = −3𝑒𝑥(1 + tan 𝑦)𝑑𝑥]  ÷ (1 − 𝑒𝑥)(1 + tan 𝑦) 

∫
sec2 𝑦

1 + tan 𝑦
𝑑𝑦 = ∫

−3𝑒𝑥

1 − 𝑒𝑥 𝑑𝑥 

 

𝑙𝑛|1 + tan 𝑦| = 3𝑙𝑛|1 − 𝑒𝑥| + 𝑐 

 

 

4- √𝑥2 + 𝑥2𝑦2𝑑𝑥 + √𝑦2 − 𝑥2𝑦2𝑑𝑦 = 0 

𝑥√1 + 𝑦2𝑑𝑥 + 𝑦√1 − 𝑥2𝑑𝑦 = 0 

[𝑥√1 + 𝑦2𝑑𝑥 = −𝑦√1 − 𝑥2𝑑𝑦] ÷ (√1 + 𝑦2)(√1 − 𝑥2) 

∫
𝑥

√1 − 𝑥2
𝑑𝑥 = ∫

−𝑦

√1 + 𝑦2
𝑑𝑦 

∫ 𝑥(1 − 𝑥2)
−1
2 𝑑𝑥 = ∫ −𝑦(1 + 𝑦2)

−1
2 𝑑𝑦 

−
1

2
∫(−2𝑥)(1 − 𝑥2)

−1
2 𝑑𝑥 = −

1

2
∫(2𝑦)(1 + 𝑦2)

−1
2 𝑑𝑦 

(1 − 𝑥2)
1
2 = (1 + 𝑦2)

1
2 + 𝑐 

 

√1 − 𝑥2 = √1 − 𝑦2 + 𝑐 

 

 

 



5- 
𝑑𝑦

𝑑𝑥
= (𝑥 + 𝑦 + 2)2 

Let 𝑢 = 𝑥 + 𝑦 + 2               
𝑑𝑢

𝑑𝑥
= 1 +

𝑑𝑦

𝑑𝑥
              

𝑑𝑦

𝑑𝑥
 =

𝑑𝑢

𝑑𝑥
− 1 

𝑑𝑢

𝑑𝑥
− 1 = 𝑢2                

𝑑𝑢

𝑑𝑥
= 𝑢2 + 1 

∫
1

𝑢2+1
𝑑𝑢 = ∫ 𝑑𝑥              tan−1 𝑢 = 𝑥 + 𝑐 

 tan−1(𝑥 + 𝑦 + 2) = 𝑥 + 𝑐 

 

6- (𝑥 − 𝑦)2 𝑑𝑦

𝑑𝑥
= 9 

Let 𝑢 = 𝑥 − 𝑦              
𝑑𝑢

𝑑𝑥
= 1 −

𝑑𝑦

𝑑𝑥
             

𝑑𝑦

𝑑𝑥
= 1 −

𝑑𝑢

𝑑𝑥
 

𝑢2 (1 −
𝑑𝑢

𝑑𝑥
) = 9             𝑢2 − 𝑢2 𝑑𝑢

𝑑𝑥
= 9 

𝑢2 𝑑𝑢

𝑑𝑥
= 𝑢2 − 9               

𝑑𝑢

𝑑𝑥
=

𝑢2−9

𝑢2  

 
𝑢2

𝑢2−9
𝑑𝑢 = 𝑑𝑥             

𝑢2−9+9

𝑢2−9
𝑑𝑢 = 𝑑𝑥  

∫ 1 +
9

𝑢2−9
𝑑𝑢 = ∫ 𝑑𝑥              𝑢 +

3

2
𝑙𝑛 |

𝑢−3

𝑢+3
| = 𝑥 + 𝑐 

𝑥 − 𝑦 +
3

2
𝑙𝑛 |

𝑥 − 𝑦 − 3

𝑥 − 𝑦 + 3
| = 𝑥 + 𝑐 

H.W. Find the general solution of the differential equation  

a) 𝑦′ = 2𝑥𝑦2 + 𝑦2          b) sin 𝑥 sin 𝑦 + 𝑦′ cos 𝑦 = 0 

c) 
2𝑥

1−𝑦2 =
𝑑𝑥

𝑑𝑦
                         d) 𝑥𝑦′ + (1 +

1

𝑙𝑛𝑥
) 𝑦 = 0 

e) 𝑥
𝑑𝑦

𝑑𝑥
+ (√1 − 𝑦2) cos−1 𝑦 = 0     f) 

𝑑𝑦

𝑑𝑥
= sin 𝑥 + 𝑦 

g) (3𝑦 − 1)𝑒−2𝑦2 𝑑𝑦

𝑑𝑥
= 4𝑥𝑒𝑥2−2𝑦2

    h) 𝑥𝑦𝑑𝑦 −
1+𝑦2

1+𝑥2 𝑑𝑥 = 0 

i) (3𝑥𝑦2 − 6𝑥 − 𝑦2 + 2)𝑑𝑦 − 3𝑥𝑦2𝑑𝑥 = 0 

j) 𝑦 − 𝑥
𝑑𝑦

𝑑𝑥
= 3(1 + 𝑥2 𝑑𝑦

𝑑𝑥
) 

 


