
Homogeneous equation 

A function 𝑓(𝑥, 𝑦) is called Homogeneous of degree (n) if 𝑓(𝜆𝑥, 𝜆𝑦) =

𝜆𝑛𝑓(𝑥, 𝑦) for example 

1-  𝑓(𝑥, 𝑦) = 2𝑥2 − 3𝑥𝑦 − 6𝑦2 

𝑓(𝜆𝑥, 𝜆𝑦) = 2(𝜆𝑥)2 − 3(𝜆𝑥)(𝜆𝑦) − 6(𝜆𝑦)2 

                 = 𝜆2(2𝑥2 − 3𝑥𝑦 − 6𝑦2) 

∴ 𝑓(𝑥, 𝑦) is a Homogeneous function of degree (2) 

2- 𝑓(𝑥, 𝑦) = 𝑥4 + 2𝑥2𝑦2 

𝑓(𝜆𝑥, 𝜆𝑦) = (𝜆𝑥)4 + 2(𝜆𝑥)2(𝜆𝑦)2 

                 = 𝜆4𝑥4 + 2𝜆4𝑥2𝑦2 

∴ 𝑓(𝑥, 𝑦) is a Homogeneous function of degree (4) 

*The first order – first degree ODE can be put in   
𝑑𝑦

𝑑𝑥
=

𝑓1(𝑥,𝑦)

𝑓2(𝑥,𝑦)
… … (1)   

both 𝑓1(𝑥, 𝑦), 𝑓2(𝑥, 𝑦) Are Homogeneous of the same degree, the ODE 

is said to be Homogeneous let 𝑦 = 𝑣𝑥 →  
𝑑𝑦

𝑑𝑥
= 𝑣 + 𝑥

𝑑𝑣

𝑑𝑥
 substitution in 

(1) give 𝑣 + 𝑥
𝑑𝑣

𝑑𝑥
= 𝑓(𝑣)  and  𝑥

𝑑𝑣

𝑑𝑥
= 𝑓(𝑣) − 𝑣 →  

𝑑𝑣

𝑓(𝑣)−𝑣
=

𝑑𝑥

𝑥
… … (2)  

Integration both side of (2) we get general solution. 

Examples: find the general solution of the ODE 

1- (2𝑥𝑦 − 𝑥2)𝑑𝑦 = 2𝑦2𝑑𝑥  →   
𝑑𝑦

𝑑𝑥
=

2𝑦2

2𝑥𝑦−𝑥2
 

𝑑𝑦

𝑑𝑥
=

2(𝜆𝑦)2

2(𝜆𝑥)(𝜆𝑦)−(𝜆𝑥)2    →    
𝑑𝑦

𝑑𝑥
=

2𝜆2𝑦2

𝜆2(2𝑥𝑦−𝑥2)
    is Homogeneous  

let 𝑦 = 𝑣𝑥 →  
𝑑𝑦

𝑑𝑥
= 𝑣 + 𝑥

𝑑𝑣

𝑑𝑥
  

𝑣 + 𝑥
𝑑𝑣

𝑑𝑥
=

2𝑣2𝑥2

2𝑣𝑥2−𝑥2
   →    𝑣 + 𝑥

𝑑𝑣

𝑑𝑥
=

𝑣22𝑥2

𝑥2(2𝑣−1)
     

𝑥
𝑑𝑣

𝑑𝑥
=

2𝑣2

(2𝑣−1)
− 𝑣  →  𝑥

𝑑𝑣

𝑑𝑥
=

2𝑣2−2𝑣2+𝑣

(2𝑣−1)
   

∫
(2𝑣−1)

𝑣
𝑑𝑣 = ∫

𝑑𝑥

𝑥
  →  ∫

2𝑣

𝑣
−

1

𝑣
𝑑𝑣 = ∫

𝑑𝑥

𝑥
   

2𝑣 − 𝑙𝑛𝑣 = 𝑙𝑛𝑥 + 𝑐  →  2(
𝑦

𝑥
) − ln (

𝑦

𝑥
) = 𝑙𝑛𝑥 + 𝑐   



2- [2𝑥 sinh (
𝑦

𝑥
) + 3𝑦 cosh (

𝑦

𝑥
)] 𝑑𝑥 = 3𝑥cosh (

𝑦

𝑥
) 𝑑𝑦 

𝑑𝑦

𝑑𝑥
=

2𝑥 sinh(
𝑦

𝑥
)+3𝑦 cosh(

𝑦

𝑥
)

3𝑥cosh(
𝑦

𝑥
)

   →
𝑑𝑦

𝑑𝑥
=

2(𝜆𝑥) sinh(
𝜆𝑦

𝜆𝑥
)+3(𝜆𝑦) cosh(

𝜆𝑦

𝜆𝑥
)

3(𝜆𝑥)cosh(
𝜆𝑦

𝜆𝑥
)

  

𝑑𝑦

𝑑𝑥
=

𝜆[2𝑥 sinh(
𝑦

𝑥
)+3𝑦 cosh(

𝑦

𝑥
)]

𝜆[3𝑥cosh(
𝑦

𝑥
)]

        is Homogeneous 

let 𝑦 = 𝑣𝑥 →  
𝑑𝑦

𝑑𝑥
= 𝑣 + 𝑥

𝑑𝑣

𝑑𝑥
  

𝑣 + 𝑥
𝑑𝑣

𝑑𝑥
=

2𝑥 sinh(
𝑣𝑥

𝑥
)+3(𝑣𝑥) cosh(

𝑣𝑥

𝑥
)

3𝑥cosh(
𝑣𝑥

𝑥
)

  

𝑣 + 𝑥
𝑑𝑣

𝑑𝑥
=

𝑥[2 sinh(𝑣)+3𝑣 cosh(𝑣)]

3𝑥cosh(𝑣)
        

𝑥
𝑑𝑣

𝑑𝑥
=

2 sinh(𝑣)+3𝑣 cosh(𝑣)

3cosh(𝑣)
− 𝑣       

𝑥
𝑑𝑣

𝑑𝑥
=

2 sinh(𝑣)+3𝑣 cosh(𝑣)−3𝑣 cosh(𝑣)

3cosh(𝑣)
        

 

𝑥
𝑑𝑣

𝑑𝑥
=

2 sinh(𝑣)

3cosh(𝑣)
  →  ∫

cosh(𝑣)

sinh(𝑣)
𝑑𝑣 =  ∫

2𝑑𝑥

3𝑥
  

𝑙𝑛|sinh(𝑣)| =
2

3
𝑙𝑛|𝑥| + 𝑐 

3-  (𝑥 + 𝑦𝑙𝑛𝑦 − 𝑦𝑙𝑛𝑥)𝑑𝑥 − 𝑥(𝑙𝑛𝑦 − 𝑙𝑛𝑥)𝑑𝑦 = 0  

     (𝑥 + 𝑦𝑙𝑛𝑦 − 𝑦𝑙𝑛𝑥)𝑑𝑥 = (𝑥𝑙𝑛𝑦 − 𝑥𝑙𝑛𝑥)𝑑𝑦  

     (𝑥 + 𝑦 ln (
𝑦

𝑥
)) 𝑑𝑥 = (𝑥 ln (

𝑦

𝑥
)) 𝑑𝑦 →  

𝑑𝑦

𝑑𝑥
=

𝑥+𝑦𝑙𝑛 (
𝑦

𝑥
)

𝑥𝑙𝑛 (
𝑦

𝑥
)

     

𝑑𝑦

𝑑𝑥
=

𝜆𝑥+𝜆𝑦𝑙𝑛 (
𝜆𝑦

𝜆𝑥
)

𝜆𝑥𝑙𝑛 (
𝜆𝑦

𝜆𝑥
)

  →
𝑑𝑦

𝑑𝑥
=

𝜆[𝑥+𝑦𝑙 𝑛(
𝑦

𝑥
)]

𝜆[𝑥𝑙 𝑛(
𝑦

𝑥
)]

           is Homogeneous 

let 𝑦 = 𝑣𝑥 →  
𝑑𝑦

𝑑𝑥
= 𝑣 + 𝑥

𝑑𝑣

𝑑𝑥
 

𝑣 + 𝑥
𝑑𝑣

𝑑𝑥
=

𝑥[1+𝑣𝑙 𝑛(𝑣)}

𝑥𝑙𝑛 (𝑣)
  → 𝑥

𝑑𝑣

𝑑𝑥
=

1+𝑣𝑙𝑛 (𝑣)

𝑙𝑛 (𝑣)
− 𝑣  

𝑥
𝑑𝑣

𝑑𝑥
=

1+𝑣𝑙 𝑛(𝑣)−𝑣𝑙 𝑛(𝑣)

𝑙𝑛 (𝑣)
→   𝑥

𝑑𝑣

𝑑𝑥
=

1

𝑙𝑛 (𝑣)
  

∫ 𝑙𝑛𝑣 = ∫
𝑑𝑥

𝑥
 → 𝑣𝑙𝑛𝑣 − 𝑣 = 𝑙𝑛𝑥 + 𝑐  

 



4- (1 + 2𝑒
𝑥

𝑦) 𝑑𝑥 + 2𝑒
𝑥

𝑦 (1 −
𝑥

𝑦
) 𝑑𝑦 = 0  

(1 + 2𝑒
𝑥

𝑦) 𝑑𝑥 − 2𝑒
𝑥

𝑦 (1 −
𝑥

𝑦
) 𝑑𝑦  

𝑑𝑥

𝑑𝑦
=

−2𝑒
𝑥
𝑦(1−

𝑥

𝑦
)

(1+2𝑒
𝑥
𝑦)

 →
𝑑𝑥

𝑑𝑦
=

−2𝑒

𝜆𝑥
𝜆𝑦(1−

𝜆𝑥

𝜆𝑦
)

(1+2𝑒
𝜆𝑥
𝜆𝑦)

    is Homogeneous 

let 𝑥 = 𝑣𝑥 →  
𝑑𝑥

𝑑𝑦
= 𝑣 + 𝑦

𝑑𝑣

𝑑𝑦
 

𝑣 + 𝑦
𝑑𝑣

𝑑𝑦
=

2𝑒𝑣(−1+𝑣)

1+2𝑒𝑣  →  𝑦
𝑑𝑣

𝑑𝑦
=

2𝑒𝑣(−1+𝑣)

1+2𝑒𝑣 − 𝑣  

𝑦
𝑑𝑣

𝑑𝑦
=

−2𝑒𝑣+2𝑣𝑒𝑣−𝑣−2𝑣𝑒𝑣

1+2𝑒𝑣  → 𝑦
𝑑𝑣

𝑑𝑦
=

−2𝑒𝑣−𝑣

1+2𝑒𝑣   

∫
1+2𝑒𝑣

2𝑒𝑣+𝑣
𝑑𝑣 = ∫ −

𝑑𝑦

𝑦
→ 𝑙𝑛|𝑣 + 2𝑒𝑣| = −𝑙𝑛|𝑦| + 𝑐   

 

Equation that reduces to a Homogeneous Equation 

Examples: find the general solution of the ODE 

1- (𝑥 − 2𝑦 − 3)𝑑𝑥 + (2𝑥 + 𝑦 − 1)𝑑𝑦 = 0 

𝑥 − 2𝑦 − 3 = 0  → −2𝑥 + 4𝑦 + 6 = 0  

2𝑥 + 𝑦 − 1 = 0  →    2𝑥 + 𝑦 − 1 = 0 

                                     5𝑦 = 5 → 𝑦 = −1 → 𝑥 = 1 

The intersection point (1, -1)    h=1, k=-1 

Let   𝑥 = 𝑥0 + ℎ    → 𝑥 = 𝑥0 + 1 → 𝑑𝑥 = 𝑑𝑥0  

And 𝑦 = 𝑦0 + 𝑘    → 𝑦 = 𝑦0 − 1 → 𝑑𝑦 = 𝑑𝑦0 
𝑑𝑦

𝑑𝑥
=

−𝑥+2𝑦+3

2𝑥+𝑦−1
         →   

𝑑𝑦0

𝑑𝑥0
=

−𝑥0−1+2𝑦0−2+3

2𝑥0+2+𝑦0−1−1
  

𝑑𝑦0

𝑑𝑥0
=

−𝑥0+2𝑦0

2𝑥0+𝑦0
   is Homogeneous 

let 𝑦0 = 𝑣0𝑥0     →   
𝑑𝑦0

𝑑𝑥0
= 𝑣0 + 𝑥0

𝑑𝑣0

𝑑𝑥0
 

𝑣0 + 𝑥0
𝑑𝑣0

𝑑𝑥0
=

−𝑥0+2𝑣0𝑥0

2𝑥0+𝑣0𝑥0
     → 𝑣0 + 𝑥0

𝑑𝑣0

𝑑𝑥0
=

−1+2𝑣0

2+𝑣0
  

𝑥0
𝑑𝑣0

𝑑𝑥0
=

−1+2𝑣0

2+𝑣0
− 𝑣0           →  𝑥0

𝑑𝑣0

𝑑𝑥0
=

−1+2𝑣0−2𝑣0−𝑣0
2

2+𝑣0
  

 



∫
2+𝑣0

−1−𝑣0
2 𝑑𝑣0 = ∫

𝑑𝑥0

𝑥0
 → ∫

2

−1−𝑣0
2 𝑑𝑣0 + ∫

𝑣0

−1−𝑣0
2 𝑑𝑣0 = ∫

𝑑𝑥0

𝑥0
  

−2 tan−1 𝑣0 −
1

2
𝑙𝑛|1 + 𝑣0

2| = 𝑙𝑛|𝑥0| + 𝑐  

−2 tan−1(
𝑦0

𝑥0
) −

1

2
𝑙𝑛 |1 + (

𝑦0

𝑥0
)2| = 𝑙𝑛|𝑥0| + 𝑐  

−2 tan−1(
𝑦+1

𝑥−1
) −

1

2
𝑙𝑛 |1 + (

𝑦+1

𝑥−1
)2| = 𝑙𝑛|𝑥0| + 𝑐  

 

2- (𝑥 − 𝑦 − 1)𝑑𝑥 + (4𝑦 + 𝑥 − 1)𝑑𝑦 = 0 

 

𝑥 − 𝑦 − 1 = 0  →       𝑦 − 𝑥 + 1 = 0  

4𝑦 + 𝑥 − 1 = 0  →    4𝑦 + 𝑥 − 1 = 0 

                                     5𝑦 = 0 → 𝑦 = 0 → 𝑥 = 1 

The intersection point (1, 0)    h= 1, k= 0 

Let   𝑥 = 𝑥0 + ℎ    → 𝑥 = 𝑥0 + 1 → 𝑑𝑥 = 𝑑𝑥0  

And 𝑦 = 𝑦0 + 𝑘    → 𝑦 = 𝑦0 + 0 → 𝑑𝑦 = 𝑑𝑦0 
𝑑𝑦

𝑑𝑥
=

𝑦−𝑥+1

4𝑦+𝑥−1
         →   

𝑑𝑦0

𝑑𝑥0
=

𝑦0−𝑥0−1+1

4𝑦0+𝑥0+1−1
   is Homogeneous 

let 𝑦0 = 𝑣0𝑥0     →   
𝑑𝑦0

𝑑𝑥0
= 𝑣0 + 𝑥0

𝑑𝑣0

𝑑𝑥0
 

𝑣0 + 𝑥0
𝑑𝑣0

𝑑𝑥0
=

𝑣0𝑥0−𝑥0

4𝑣0𝑥0+𝑥0
     → 𝑣0 + 𝑥0

𝑑𝑣0

𝑑𝑥0
=

𝑣0−1

4𝑣0+1
  

𝑥0
𝑑𝑣0

𝑑𝑥0
=

𝑣0−1

4𝑣0+1
− 𝑣0  → 𝑥0

𝑑𝑣0

𝑑𝑥0
=

𝑣0−1−4𝑣0
2−𝑣0

4𝑣0+1
  

𝑥0
𝑑𝑣0

𝑑𝑥0
=

−1−4𝑣0
2

4𝑣0+1
→  − ∫

4𝑣0+1

1+4𝑣0
2 𝑑𝑣0 = ∫

𝑑𝑥0

𝑥0
  

∫
4𝑣0

1+4𝑣0
2 𝑑𝑣0 + ∫

1

1+4𝑣0
2 = − ∫

𝑑𝑥0

𝑥0
  

1

2
𝑙𝑛|1 + 4𝑣0

2| + tan−1 2𝑣0 = −𝑙𝑛|𝑥0| + 𝑐  

1

2
𝑙𝑛 |1 + 4(

𝑦0

𝑥0
)2| + tan−1 2(

𝑦0

𝑥0
) = −𝑙𝑛|𝑥0| + 𝑐  

1

2
𝑙𝑛 |1 + 4(

𝑦

𝑥−1
)2| + tan−1 2(

𝑦

𝑥−1
) = −𝑙𝑛|𝑥 − 1| + 𝑐  

 

 

 

 



H.W. Determine Homogeneous or non-Homogeneous 

1) 𝑓(𝑥) = 𝑦 + √𝑥2 + 𝑥𝑦 

2) 𝑓(𝑥) = 𝑥 + 𝑦 sin(
𝑦

𝑥
) 

3) 𝑓(𝑥) =
ln (𝑥2−2𝑥𝑦+𝑦2)

𝑥2+𝑦2  

4) 𝑓(𝑥) = 1 + tan
𝑦2

𝑥
 

H.W. Find the general solution of the differential equation  

1) 𝑥2𝑦′ = 𝑥𝑦 + 𝑥2 + 𝑦2    

 2) 𝑦′ =
2𝑦2+𝑥2𝑒

−(
𝑦
𝑥

)
2

2𝑥𝑦
 

3) 𝑦′ =
𝑦3+2𝑥𝑦2+𝑥2𝑦+𝑥3

𝑥(𝑦+𝑥)2      

 4) 
𝑑𝑦

𝑑𝑥
=

𝑥𝑦3

2𝑦4+𝑥4 

5) [𝑥𝑦𝑙𝑛 (
𝑥

𝑦
)] 𝑑𝑥 + [𝑦2 − 𝑥2𝑙𝑛 (

𝑥

𝑦
)]𝑑𝑦 = 0 

6) (6𝑥 − 𝑦 + 3)𝑑𝑥 + (2𝑥 − 𝑦 − 1)𝑑𝑦 = 0 

7)  𝑦′ =
2𝑥+𝑦+1

𝑥+2𝑦−4
      

 8) 𝑦′ =
2𝑥𝑦𝑒

(
𝑥
𝑦

)2

𝑦2+𝑦2𝑒
(
𝑥
𝑦

)2
+2𝑥2𝑒

(
𝑥
𝑦

)2
 

9) (𝑦𝑑𝑥 + 𝑥𝑑𝑦)𝑥 cos
𝑦

𝑥
= (𝑥𝑑𝑦 − 𝑦𝑑𝑥)𝑦 sin

𝑦

𝑥
 

10) 𝑥 tan
𝑦

𝑥
+ 𝑥 sec2 𝑦

𝑥
 
𝑑𝑦

𝑑𝑥
= 𝑦 sec2 𝑦

𝑥
 

 

 

 

 

 

 

 


