
Exact differential equation 

The ODE of first order – first degree 𝑀(𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦 = 0.... (1) 

is said to be exact iff   
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
 . 

If (1) is an exact equation, then there exists a function 𝑓(𝑥, 𝑦) = 𝑐  is a 

general solution of (1) where 𝑑𝐹 = 𝑀(𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦 = 0  

where  𝑀(𝑥, 𝑦) =
𝜕𝑓

𝜕𝑥
  , 𝑁(𝑥, 𝑦) =

𝜕𝑓

𝜕𝑦
     Integrating the above equation, 

we get  𝐹 = 𝑐 

Examples: find the general solution of the ODE 

1- (4𝑥3𝑦3 + 3𝑥2)𝑑𝑥 + (3𝑥4𝑦2 + 6𝑦2)𝑑𝑦 = 0 

𝑀 = 4𝑥3𝑦3 + 3𝑥2  →    
𝜕𝑀

𝜕𝑦
= 12𝑥3𝑦2  

𝑁 = 3𝑥4𝑦2 + 6𝑦2   →  
𝜕𝑁

𝜕𝑥
=  12𝑥3𝑥2   

∵
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
  Then the ODE is exact and  𝐹 = 𝑐 is the general solution. 

𝐹 = ∫ 𝑀  𝑑𝑥   then   
𝜕𝑓

𝜕𝑦
= 𝑁   Or   𝐹 = ∫ 𝑁  𝑑𝑦   then   

𝜕𝑓

𝜕𝑥
= 𝑀    

𝐹 = ∫ 𝑀  𝑑𝑥    →   𝐹 = ∫(4𝑥3𝑦3 + 3𝑥2) 𝑑𝑥    

𝐹 = 𝑥4𝑦3 + 𝑥3 + ℎ(𝑦)  

𝜕𝑓

𝜕𝑦
= 3𝑥4𝑦2 + ℎ′(𝑦) = 3𝑥4𝑦2 + 6𝑦2  

ℎ′(𝑦) = 6𝑦2   →  ℎ(𝑦) = 2𝑦3   

The general solution is  𝑥4𝑦3 + 𝑥3 + 2𝑦3 = 𝑐 

 

 



2- (3𝑦 cos 𝑥 + 4𝑥𝑒𝑥 + 2𝑥2𝑒𝑥)𝑑𝑥 + (3 sin 𝑥 + 3)𝑑𝑦 = 0 

𝑀 = 3𝑦 cos 𝑥 + 4𝑥𝑒𝑥 + 2𝑥2𝑒𝑥  →    
𝜕𝑀

𝜕𝑦
= 3 cos 𝑥  

𝑁 = 3 sin 𝑥 + 3  →  
𝜕𝑁

𝜕𝑥
=  3 cos 𝑥  

∵
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
  Then the ODE is exact and  𝐹 = 𝑐 is the general solution. 

𝐹 = ∫ 𝑀  𝑑𝑥   then   
𝜕𝑓

𝜕𝑦
= 𝑁   Or   𝐹 = ∫ 𝑁  𝑑𝑦   then   

𝜕𝑓

𝜕𝑥
= 𝑀    

𝐹 = ∫ 𝑁  𝑑𝑦    →   𝐹 = ∫(3 sin 𝑥 + 3) 𝑑𝑦  

𝐹 = 3𝑦 sin 𝑥 + 3𝑦 + ℎ(𝑥)  

𝜕𝑓

𝜕𝑥
= 3𝑦 cos 𝑥 + ℎ′(𝑥) = 3𝑦 cos 𝑥 + 4𝑥𝑒𝑥 + 2𝑥2𝑒𝑥  

ℎ′(𝑥) = 4𝑥𝑒𝑥 + 2𝑥2𝑒𝑥     

ℎ(𝑥) = 4(𝑥𝑒𝑥 − 𝑒𝑥) + 2(𝑥2𝑒𝑥 − 2𝑥𝑒𝑥 + 2𝑒𝑥)  

ℎ(𝑥) = 4𝑥𝑒𝑥 − 4𝑒𝑥 + 2𝑥2𝑒𝑥 − 4𝑥𝑒𝑥 + 4𝑒𝑥  

ℎ(𝑥) = 2𝑥2𝑒𝑥  

The general solution is  3𝑦 sin 𝑥 + 3𝑦 + 2𝑥2𝑒𝑥 = 𝑐 

 

3-  [𝑦 (1 −
1

𝑥
) + cos 𝑦] 𝑑𝑥 = [𝑥 sin 𝑦 + 𝑙𝑛𝑥 − 𝑥]𝑑𝑦 

[𝑦 (1 −
1

𝑥
) + cos 𝑦] 𝑑𝑥 + [−𝑥 sin 𝑦 − 𝑙𝑛𝑥 + 𝑥]𝑑𝑦 = 0  

𝑀 = 𝑦 (1 −
1

𝑥
) + cos 𝑦  →    

𝜕𝑀

𝜕𝑦
= 1 −

1

𝑥
− sin 𝑦  

𝑁 = −𝑥 sin 𝑦 − 𝑙𝑛𝑥 + 𝑥 →  
𝜕𝑁

𝜕𝑥
=  − sin 𝑦 −

1

𝑥
= 1  

∵
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
  Then the ODE is exact and  𝐹 = 𝑐 is the general solution 

𝐹 = ∫ 𝑀  𝑑𝑥   then   
𝜕𝑓

𝜕𝑦
= 𝑁   Or   𝐹 = ∫ 𝑁  𝑑𝑦   then   

𝜕𝑓

𝜕𝑥
= 𝑀 



𝐹 = ∫ 𝑀  𝑑𝑥  →    𝐹 = ∫ 𝑦 (1 −
1

𝑥
) + cos 𝑦  𝑑𝑥      

𝐹 = 𝑦𝑥 − 𝑦𝑙𝑛𝑥 + +𝑥 cos 𝑦 + ℎ(𝑦)  

𝜕𝑓

𝜕𝑦
= 𝑥 − 𝑙𝑛𝑥 − 𝑥 sin 𝑦 + ℎ′(𝑦) = −𝑥 sin 𝑦 − 𝑙𝑛𝑥 + 𝑥  

ℎ′(𝑦) = 0  →  ℎ(𝑦) = 𝑐  

The general solution is 𝐹 = 𝑦𝑥 − 𝑦𝑙𝑛𝑥 + +𝑥 cos 𝑦 + 𝑐  

 

Not an exact differential equation 

❖ Integration factor I.F: if 𝑀(𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦 = 0 … … … (1) 

If I(x) is a function of x only, where  

𝑓(𝑥) =

𝜕𝑀

𝜕𝑦
 − 

𝜕𝑁

𝜕𝑥

𝑁
    →   𝐼(𝑥) = 𝑒∫ 𝑓(𝑥)𝑑𝑥       Is the integration factor  

 

If I(y) is a function of y only, where  

𝑓(𝑦) =

𝜕𝑁

𝜕𝑥
 − 

𝜕𝑀

𝜕𝑦

𝑀
    →   𝐼(𝑦) = 𝑒∫ 𝑓(𝑦)𝑑𝑦  

Since If   I is the integration factor of (1) then  

𝐼. 𝑀(𝑥, 𝑦)𝑑𝑥 + 𝐼. 𝑁(𝑥, 𝑦)𝑑𝑦 = 0  →   
𝜕𝐼.𝑀

𝜕𝑦
=

𝜕𝐼.𝑁

𝜕𝑥
  

Examples: find the general solution of the ODE 

1- (2𝑥𝑦3 − 2𝑥3𝑦3 − 4𝑥𝑦2 + 2𝑥)𝑑𝑥 + (3𝑥2𝑦2 + 4𝑦)𝑑𝑦 = 0 

𝑀 = 2𝑥𝑦3 − 2𝑥3𝑦3 − 4𝑥𝑦2 + 2𝑥 →    
𝜕𝑀

𝜕𝑦
= 6𝑥𝑦2 − 6𝑥3𝑦2 − 8𝑥𝑦  

𝑁 = 3𝑥2𝑦2 + 4𝑦  →  
𝜕𝑁

𝜕𝑥
=  6𝑥𝑦2     

𝜕𝑀

𝜕𝑦
≠

𝜕𝑁

𝜕𝑥
    not exact  



 

𝑓(𝑥) =

𝜕𝑀

𝜕𝑦
 − 

𝜕𝑁

𝜕𝑥

𝑁
    →  𝑓(𝑥) =

6𝑥𝑦2−6𝑥3𝑦2−8𝑥𝑦−6𝑥𝑦2

3𝑥2𝑦2+4𝑦
   

𝑓(𝑥) =
−2𝑥(3𝑥2𝑦2+4𝑦)

3𝑥2𝑦2+4𝑦
    →       𝑓(𝑥) = −2𝑥  

Since   𝐼(𝑥) = 𝑒∫ 𝑓(𝑥)𝑑𝑥   →  𝐼(𝑥) = 𝑒∫ −2𝑥 𝑑𝑥  →  𝐼(𝑥) = 𝑒−𝑥2
    

[(2𝑥𝑦3 − 2𝑥3𝑦3 − 4𝑥𝑦2 + 2𝑥)𝑑𝑥 + (3𝑥2𝑦2 + 4𝑦)𝑑𝑦 = 0]  (𝑒−𝑥2
)  

(2𝑥𝑦3𝑒−𝑥2
− 2𝑥3𝑦3𝑒−𝑥2

− 4𝑥𝑦2𝑒−𝑥2
+ 2𝑥𝑒−𝑥2

)𝑑𝑥 +

(3𝑥2𝑦2𝑒−𝑥2
+ 4𝑦𝑒−𝑥2

)𝑑𝑦 = 0  

𝜕𝐼.𝑀

𝜕𝑦
= 6𝑥𝑦2𝑒−𝑥2

− 6𝑥3𝑦2𝑒−𝑥2
− 8𝑥𝑦𝑒−𝑥2

  

𝜕𝐼.𝑁

𝜕𝑥
= 6𝑥𝑦2𝑒−𝑥2

− 6𝑥3𝑦2𝑒−𝑥2
− 8𝑥𝑦𝑒−𝑥2

  

𝜕𝐼.𝑀

𝜕𝑦
=

𝜕𝐼.𝑁

𝜕𝑥
   Then the ODE is exact and  𝐹 = 𝑐 is the general solution 

𝐹 = ∫ 𝑀  𝑑𝑥   then   
𝜕𝑓

𝜕𝑦
= 𝑁   Or   𝐹 = ∫ 𝑁  𝑑𝑦   then   

𝜕𝑓

𝜕𝑥
= 𝑀 

𝐹 = ∫ 𝑁  𝑑𝑦 →  𝐹 = ∫ 3𝑥2𝑦2𝑒−𝑥2
+ 4𝑦𝑒−𝑥2

 𝑑𝑦      

𝐹 = 𝑥2𝑦3𝑒−𝑥2
+ 2𝑦2𝑒−𝑥2

+ ℎ(𝑥)  

𝜕𝑓

𝜕𝑥
= −2𝑥3𝑦3𝑒−𝑥2

+ 2𝑥𝑦3𝑒−𝑥2
− 4𝑥𝑦2𝑒−𝑥2

+ ℎ′(𝑥) = 2𝑥𝑦3𝑒−𝑥2
−

                             2𝑥3𝑦3𝑒−𝑥2
− 4𝑥𝑦2𝑒−𝑥2

+ 2𝑥𝑒−𝑥2
  

ℎ′(𝑥) = 2𝑥𝑒−𝑥2
    →  ℎ(𝑥) = −𝑒−𝑥2

   

The general solution is  𝐹 = 𝑥2𝑦3𝑒−𝑥2
+ 2𝑦2𝑒−𝑥2

− 𝑒−𝑥2
= 𝑐  

 

 



2- (2𝑥𝑦4𝑒𝑦 + 2𝑥𝑦3 + 𝑦)𝑑𝑥 + (𝑥2𝑦4𝑒𝑦 − 𝑥2𝑦2 − 3𝑥)𝑑𝑦 = 0 

𝑀 = 2𝑥𝑦4𝑒𝑦 + 2𝑥𝑦3 + 𝑦 →    
𝜕𝑀

𝜕𝑦
= 2𝑥𝑦4𝑒𝑦 + 8𝑥𝑦3𝑒𝑦 + 6𝑥𝑦2 + 1   

𝑁 = 𝑥2𝑦4𝑒𝑦 − 𝑥2𝑦2 − 3𝑥  →  
𝜕𝑁

𝜕𝑥
=  2𝑥𝑦4𝑒𝑦 − 2𝑥𝑦2 − 3     

𝜕𝑀

𝜕𝑦
≠

𝜕𝑁

𝜕𝑥
    not exact 

𝑓(𝑦) =

𝜕𝑁

𝜕𝑥
 − 

𝜕𝑀

𝜕𝑦

𝑀
    → 𝑓(𝑦) =

2𝑥𝑦4𝑒𝑦−2𝑥𝑦2−3−2𝑥𝑦4𝑒𝑦−8𝑥𝑦3𝑒𝑦−6𝑥𝑦2−1

2𝑥𝑦4𝑒𝑦+2𝑥𝑦3+𝑦
  

𝑓(𝑦) =
−8𝑥𝑦2−8𝑥𝑦3𝑒𝑦−4

2𝑥𝑦4𝑒𝑦+2𝑥𝑦3+𝑦
 → 𝑓(𝑦) =

−4(2𝑥𝑦2+2𝑥𝑦3𝑒𝑦+1)

𝑦(2𝑥𝑦3𝑒𝑦+2𝑥𝑦2+1)
  

𝑓(𝑦) =
−4

𝑦
  →   𝐼(𝑦) = 𝑒∫ 𝑓(𝑦)𝑑𝑦   →  𝐼(𝑦) = 𝑒

∫
−4

𝑦
 𝑑𝑦

    

𝐼(𝑦) = 𝑒−4𝑙𝑛𝑦   →  𝐼(𝑦) = 𝑒𝑙𝑛𝑦−4
  →  𝐼(𝑦) = 𝑦−4   →  𝐼(𝑦) =

1

𝑦4   

[(2𝑥𝑦4𝑒𝑦 + 2𝑥𝑦3 + 𝑦)𝑑𝑥 + (𝑥2𝑦4𝑒𝑦 − 𝑥2𝑦2 − 3𝑥)𝑑𝑦 = 0](
1

𝑦4)  

(2𝑥𝑒𝑦 +
2𝑥

𝑦
+

1

𝑦3) 𝑑𝑥 + (𝑥2𝑒𝑦 −
𝑥2

𝑦2 −
3𝑥

𝑦4) 𝑑𝑦 = 0  

𝜕𝐼.𝑀

𝜕𝑦
= 2𝑥𝑒𝑦 −

𝑥2

𝑦2 −
3

𝑦4  

𝜕𝐼.𝑁

𝜕𝑥
= 2𝑥𝑒𝑦 −

𝑥2

𝑦2 −
3

𝑦4  

𝜕𝐼.𝑀

𝜕𝑦
=

𝜕𝐼.𝑁

𝜕𝑥
   Then the ODE is exact and  𝐹 = 𝑐 is the general solution 

𝐹 = ∫ 𝑀  𝑑𝑥   then   
𝜕𝑓

𝜕𝑦
= 𝑁   Or   𝐹 = ∫ 𝑁  𝑑𝑦   then   

𝜕𝑓

𝜕𝑥
= 𝑀 

𝐹 = ∫ 𝑀  𝑑𝑥 → 𝐹 = ∫ 2𝑥𝑒𝑦 +
2𝑥

𝑦
+

1

𝑦3
 𝑑𝑥  

𝐹 = 𝑥2𝑒𝑦 +
𝑥2

𝑦
+

𝑥

𝑦3 + ℎ(𝑦)  



𝜕𝑓

𝜕𝑥
= 𝑥2𝑒𝑦 −

𝑥2

𝑦2 −
3𝑥

𝑦4 + ℎ′(𝑦) = 𝑥2𝑒𝑦 −
𝑥2

𝑦2 −
3𝑥

𝑦4  

ℎ′(𝑦) = 0  →  ℎ(𝑦) = 𝑎    

The general solution is   𝐹 = 𝑥2𝑒𝑦 +
𝑥2

𝑦
+

𝑥

𝑦3 + 𝑎  

 

❖ Alternative method: The following equation are exact  

 

1- 𝑥𝑑𝑦 + 𝑦𝑑𝑥 = 0       can be written as     𝑑(𝑥. 𝑦) 

2- 𝑥𝑑𝑥 + 𝑦𝑑𝑦 = 0       can be written as     
1

2
𝑑(𝑥2 + 𝑦2) 

3- 
𝑥𝑑𝑦−𝑦𝑑𝑥

𝑥2 = 0            can be written as     𝑑(
𝑦

𝑥
) 

4- 
𝑦𝑑𝑥−𝑥𝑑𝑦

𝑦2
= 0            can be written as    𝑑(

𝑥

𝑦
) 

5- 
𝑥𝑑𝑦+𝑦𝑑𝑥

𝑥𝑦
= 0            can be written as    𝑑[ln(𝑥. 𝑦)] 

6- 
𝑥𝑑𝑦−𝑦𝑑𝑥

𝑥𝑦
= 0           can be written as    𝑑[ln(

𝑦

𝑥
)] 

7- 
𝑦𝑑𝑥−𝑥𝑑𝑦

𝑥𝑦
= 0           can be written as    𝑑[ln(

𝑥

𝑦
)] 

Examples: find the general solution of the ODE 

1- (3𝑥 + 5)𝑑𝑥 − 2(𝑦𝑑𝑥 + 𝑥𝑑𝑦) + (4𝑦 + 1)𝑑𝑦 = 0 

(3𝑥 + 5)𝑑𝑥 − 2𝑑(𝑥. 𝑦) + (4𝑦 + 1)𝑑𝑦 = 0  

∫(3𝑥 + 5)𝑑𝑥 − 2 ∫ 𝑑(𝑥. 𝑦) + ∫(4𝑦 + 1)𝑑𝑦 = 0  

3𝑥2

2
+ 5𝑥 − 2𝑥𝑦 + 2𝑦2 + 𝑦 = 𝑐  

 

2- 𝑥𝑑𝑥 +
𝑦𝑒𝑥𝑑𝑥+𝑒𝑥𝑑𝑦

𝑦2 = 0  

∫ 𝑑 (
𝑥2

2
) + ∫ 𝑑(

𝑒𝑥

𝑦
)     

𝑥2

2
+

𝑒𝑥

𝑦
= 𝑐  



3- [𝑦𝑑𝑥 − 𝑥𝑑𝑦 + 2𝑥2𝑦 sin 𝑥2 𝑑𝑥 = 0] ÷ (𝑥𝑦) 
𝑦𝑑𝑥−𝑥𝑑𝑦

𝑥𝑦
+ 2𝑥 sin 𝑥2 𝑑𝑥 = 0  

 ∫ 𝑑[ln(
𝑥

𝑦
)] + ∫ 2𝑥 sin 𝑥2 𝑑𝑥 = 0  

ln(
𝑥

𝑦
) − cos 𝑥2 = 0  

H.W. Determine the following equation are exact or not  

1 - (2𝑥 cos 𝑦 + 3𝑥2𝑦)𝑑𝑥 + (𝑥3 − 𝑥2 sin 𝑦 − 𝑦)𝑑𝑦 = 0 

2 - (𝑥2𝑒𝑥+𝑦 + 𝑦𝑒𝑥+𝑦 + 2𝑥)𝑑𝑥 + (𝑥2𝑒𝑥+𝑦 + 4𝑦)𝑑𝑦 = 0 

3 - ln(𝑦2 + 1) 𝑑𝑥 +
2𝑦(𝑥−1)

𝑦2+1
𝑑𝑦 = 0 

H.W. Find the general solution of the differential equation  

1 – (𝑒𝑥 + 𝑙𝑛𝑦 +
𝑦

𝑥
) 𝑑𝑥 + (

𝑥

𝑦
+ 𝑙𝑛𝑥 + sin 𝑦) 𝑑𝑦 = 0  

2 – (
𝑦2

1+𝑥2 − 2𝑦) 𝑑𝑥 + (2𝑦 tan−1 𝑥 − 2𝑥 + sinh 𝑦)𝑑𝑦 = 0 

3 - (𝑥 + √𝑦2 + 1)𝑑𝑥 − (𝑦 −
𝑥𝑦

√𝑦2+1
) 𝑑𝑦 = 0 

4 - 
𝑑𝑦

𝑑𝑥
=

4−3𝑥2

𝑥3
 

5 - (𝑦2𝑒𝑥𝑦2
+ 4𝑥3)𝑑𝑥 + (2𝑥𝑦𝑒𝑥𝑦2

− 3𝑦2)𝑑𝑦 = 0 

6 -  (𝑦 − 4)(𝑦 + 1)𝑑𝑥 + (3 − 2𝑦)(𝑥 + 1) = 0 

7 - 6𝑑𝑥 + (4𝑥 − 2𝑦 − 1)𝑑𝑦 = 0 

8 – 𝑦(𝑦 + 3𝑥 + 2)𝑑𝑥 + 𝑥(𝑦 + 𝑥 + 1)𝑑𝑦 = 0  

9 - 
𝑥𝑑𝑥+𝑦𝑑𝑦

𝑥2+𝑦2 + tan−1 𝑦  𝑑𝑦 = 0  

10 - 2𝑦 cos 𝑥 𝑑𝑦 − 𝑦2 sin 𝑥 𝑑𝑥 = sin 𝑥 𝑑𝑦 + 𝑦 cos 𝑥 𝑑𝑥 

 



H.W. Find the I.F for each the following not exact equation  

1 – (2𝑦 sin 𝑥 + 3𝑦4 sin 𝑥 cos 𝑥)𝑑𝑥 − (4𝑦3 cos2 𝑥 + cos 𝑥)𝑑𝑦 = 0 

2 – (3𝑥2𝑦 − 𝑥2)𝑑𝑥 + 𝑑𝑦 = 0 

3 - 2𝑥𝑦3𝑑𝑥 + (3𝑥2𝑦2 + 𝑥2𝑦3 + 1)𝑑𝑦 = 0 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


