Exact differential equation

The ODE of first order — first degree M (x, y)dx + N(x,y)dy = 0.... (1)

) i ... OM AN
1s said to be exact iff — = —.
dy dx

If (1) is an exact equation, then there exists a function f(x,y) =c isa
general solution of (1) where dF = M(x,y)dx + N(x,y)dy =0
where M(x,y) = g—i , N(x,y) = Z—; Integrating the above equation,
weget F =c¢
Examples: find the general solution of the ODE

1- (4x3y3 + 3x%)dx + Bx*y? + 6y?)dy = 0

M = 4x3y3 + 3x? - 2—1;1 = 12x3y?

N = 3x*y? + 6y? - 2—1;] = 12x3x?

0 5} . . .
% = a—: Then the ODE is exact and F = c is the general solution.

F=[M dx then Z—£=N Or F=[Ndy then L=
F=[Mdx - F=/[(4x3y3+3x?)dx
F =x*y3 4+ x3+ h(y)

Z—; = 3x*y? + h'(y) = 3x*y? + 6y?

h'(y) = 6y* - h(y) =2y3

The general solution is x*y3 + x3 + 2y3 =¢



2- (3y cos x + 4xe* + 2x%e*)dx + (3sinx + 3)dy = 0

M = 3y cosx + 4xe* + 2x%e* - Z—A;= 3cosx

N =3sinx+3 - Z—:z 3cosx

Z—I; = Z—Z Then the ODE is exact and F = c is the general solution.

F=[M dx then Z—£=N Or F= [N dy then %zM

F=[Ndy - F=/[(@@3sinx+3)dy

F =3ysinx + 3y + h(x)

o - 3y cosx + h'(x) = 3y cos x + 4xe* + 2x%e*

ox
h'(x) = 4xe* + 2x%e*
h(x) = 4(xe* — e¥) + 2(x%e* — 2xe* + 2e%)
h(x) = 4xe* — 4e* + 2x%e* — 4xe* + 4e”*
h(x) = 2x%e*

2% _

The general solution is 3y sinx + 3y + 2x“e”* = ¢

3- [y (1 —i) -I-COS_’)I] dx = [xsiny + Inx — x]dy
[y(l —§)+cosy]dx+ [-xsiny — Inx + x]dy =0

1 oM 1
M—y(l—;)+cosy - E—l—;—smy
: ON _ .1 _
N =—xsiny—Inx +x - o5 = —siny x—1
aM _ ON : : :
Y3 =% Then the ODE is exact and F = c is the general solution

F=[M dx then Z—§=N Or F=[Ndy then ZL=nm



F=[Mdx - F=fy(1—§)+cosydx

F =yx —ylnx + +xcosy + h(y)

Z—£=x—lnx—xsiny+h’(y) = —xsiny —Inx + x

h'(y) =0 — h(y)=c

The general solution is F = yx — ylnx + +xcosy + ¢

Not an exact differential equation

% Integration factor LF: if M(x,y)dx + N(x,y)dy =0 ...... ... (1)

If I(x) 1s a function of x only, where
oM AN

flx) = lej > I(x) = el f@ax Is the integration factor

If I(y) is a function of y only, where

ON oM

f(y) — @ SN ](y) — eff(J’)dy

Since If 1 is the integration factor of (1) then

0L.M _ AIN

I.M(x,y)dx+I.N(x,y)dy =0 - o = ox

Examples: find the general solution of the ODE
1- Rxy3 — 2x3y3 — 4xy? + 2x)dx + (B3x%y? + 4y)dy = 0
M = 2xy3 — 2x3y3 — 4xy? + 2x - 66—1\; = 6xy? — 6x3y2 — 8xy
N =3x%y%2 + 4y - Z—Zz 6xy?

oM ON
— #* — not exact
dy dx



oM ON
f(x) _ 3y  ox R f(x) _ 6xy%—6x3y?—8xy—6xY>

N 3x2y2+4y
_ —2x(3x%y%+4y) _
fx) = 33232 14y -  f(x)=—-2x

Since I(x) = e/ f@ax 5 [(x) = el ~2x¥dx 5 [(x) = ¢™*°
[(2xy3 — 2x3y3 — 4xy? + 2x)dx + (Bx2y2 + 4y)dy = 0] (e™*)

(2xy3e"‘2 —2x3y3e™*" —4xyZe™* + er"xz)dx +
(3x2y%e™*" + 4ye™")dy = 0

0L.M —y2 2 2
o = 6xy?e ™" — 6x3y%e™*" — 8Bxye™*
J0L.N —y2 2 2
— = 6xy?e ™" — 6x3y%e™*" — Bxye™*
dILM _ ALN

5y = o Then the ODE is exact and F = c is the general solution

F=[M dx then %:N Or F=[Ndy then ZL=nm

F=[Ndy » F=[3x2y2e™" + 4ye™*" dy

F =x2y3e™" +2y2e™*" + h(x)
Z—i = —2x3y3e™*" 4 2xy3e " — 4xy2e™*" + B/ (x) = 2xy3e™*" —
2x3y3e~*" — 4xy2e™*" 4 2xe~*"

2

h'(x) = 2xe~*" > h(x) = —e™*

The general solution is F = x2y3e™*" + 2y2e™*" — ¢~



2- Qxy*e¥ + 2xy3 + y)dx + (x?y*e¥ — x?y%? — 3x)dy = 0

M = 2xy*eY + 2xy3 +y - Z—A; = 2xy*eY + 8xy3e¥ + 6xy% + 1

N = x?y*eY — x%*y? —3x - Z—I;’ = 2xy*eY — 2xy? —3

oM ON
— #* — not exact
dy ox

ON oM

fO) =22 Sf() =

2xyteY —2xy?-3-2xy*e¥Y-8xy3eY-6xy?—1

2xy*eY+2xy3+y

f( ) = —-8xy?—-8xy3eY—4 _)f( ) = —4(2xy?+2xy3eY +1)
Y) = 2xy*eY+2xy3+y y y(2xy3eY+2xy?+1)

fO) =2 - 1) = el IO S 1) = &5 @

1) =e™ S i) =e™™" 5 I@) =y 5 I(¥) =—

y

[(2xy*e? + 2xy3 + y)dx + (x2y*e? — x2y? — 3x)dy = 0](=)
y4-

2

(ery +i/—x+y—2)dx+(xzey —%—;—f)dy =0

oI.M x? 3

UM _ 5oy X _ 3

3y 2xe 2

dI.N x? 3

IN _ 5oy X _ 3

o, = 2xe 7z

dLM _ 3LN

By = ox Then the ODE is exact and F = c is the general solution

F=[M dx then Z—£=N Or F=[Ndy then L=M

F=[Mdx —>F=f2xey+2y—x+3%dx

F=x28y+x—2+i+h(y)
y ¥



of 2 x? 3x , 2 x? 3x
—=x‘eY—=—=+h =x‘eY —= —=
ox yZ y4— (y) yZ y4-

h'(y) =0 — h(y)=a

2
The general solution is F = x?e” + x; + % +a

¢ Alternative method: The following equation are exact

1- xdy + ydx =0 can be writtenas  d(x.y)
2- xdx + ydy =0  can be written as %d(x2 + y?2)

xdy—ydx
3- 2222 =0
X
ydx—xdy
y2

g Xdytydx _ can be written as  d[In(x.y)]

Xy

6- XYY _ can be written as d[ln(%)]

Xy
ydx—xdy

xy

can be written as d(%)

=0 can be written as d(i)

7- =0 can be written as d[ln(i)]

Examples: find the general solution of the ODE

1- Bx + 5)dx — 2(ydx + xdy) + (4y + 1)dy = 0
(Bx +5)dx —2d(x.y)+ (4y + 1)dy =0
[Bx+5)dx—2[dx.y)+ [(4y +1)dy =0

3x2 2
- tox—2xy+2y“+y=c

ye¥*dx+e*dy
2 B

fd(5)+[a)

X eX
—+—=c
2 y

0

2- xdx +



3- [ydx — xdy + 2x?y sinx? dx = 0] =+ (xy)
YLXD 4 xsinx?dx =0
xy
fd[ln(i)] + [2xsinx?dx =0
ln(%) —cosx?=0

H.W. Determine the following equation are exact or not
1-(2xcosy+3x?y)dx + (x> —x%siny —y)dy =0
2 - (x%e*tY + ye*tY + 2x)dx + (x%2e*tY + 4y)dy = 0

2 2y(x—1) .
3-In(y“+1)dx + i dy =0
H.W. Find the general solution of the differential equation

1—(ex+lny+%)dx+(§+lnx+siny)dy=0

2
2—( 4 —2y)dx+(2ytan_1x—2x+sinhy)dy= 0

1+x?2
Xy _
3-(x+\/y2+1)dx—<y—m>dy—0
4_ﬂ=4—3x2
dx x3

5- (yzexy2 + 4x3)dx + (2xye"y2 —3y?)dy =0
6- -4y +Ddx+B-2y)(x+1)=0
7-6dx+ (4x —2y —1)dy =0
8—y(y+3x+2)dx+x(y+x+1)dy=0

xdx+ydy
x2+y?

9

+tan"ly dy =0

10-2ycosxdy — y?sinxdx = sinxdy + y cos x dx



H.W. Find the LF for each the following not exact equation

1 — (2y sinx + 3y*sinx cos x)dx — (4y3 cos? x + cos x)dy = 0
2-(Bx%?y —x¥)dx+dy =0

3-2xy3dx + 3x%y? + x?y3 + 1)dy =0



