
Linear differential equation: the equation has form  

𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥). 𝑦 = 𝑄(𝑥) … … … . (1)  

From (1) find 𝐼(𝑥) = 𝑒∫ 𝑃(𝑥)𝑑𝑥   → 𝐼(𝑥). 𝑦 = ∫ 𝐼(𝑥). 𝑄(𝑥) 𝑑𝑥 

𝑑𝑥

𝑑𝑦
+ 𝑃(𝑦). 𝑥 = 𝑄(𝑦) … … … . (2)  

From (2) find 𝐼(𝑦) = 𝑒∫ 𝑃(𝑦)𝑑𝑦   → 𝐼(𝑦). 𝑦 = ∫ 𝐼(𝑦). 𝑄(𝑦) 𝑑𝑥 

 

Examples: find the general solution of the ODE 

1-   
𝑑𝑦

𝑑𝑥
+

𝑦

𝑥
= 4𝑥2        𝑃(𝑥) =

1

𝑥
      𝑄(𝑥) = 4𝑥2 

𝐼(𝑥) = 𝑒∫ 𝑃(𝑥)𝑑𝑥   →   𝐼(𝑥) = 𝑒∫
1

𝑥
  𝑑𝑥  →    𝐼(𝑥) = 𝑒ln (𝑥) = 𝑥   

𝐼(𝑥). 𝑦 = ∫ 𝐼(𝑥). 𝑄(𝑥) 𝑑𝑥   →   𝑥. 𝑦 = ∫ 𝑥. 4𝑥2 𝑑𝑥   

𝑥. 𝑦 = ∫ 4𝑥3  𝑑𝑥   →  𝑥. 𝑦 = 𝑥4 + 𝑐   

𝑦 = 𝑥3 +
𝑐

𝑥
  

 

2-  cos 𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦 sin 𝑥 = 1 

[cos 𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦 sin 𝑥 = 1] ÷ cos 𝑥  

𝑑𝑦

𝑑𝑥
+ 𝑦 tan 𝑥 = sec 𝑥      𝑃(𝑥) = tan 𝑥      𝑄(𝑥) = sec 𝑥  

𝐼(𝑥) = 𝑒∫ 𝑃(𝑥)𝑑𝑥   →   𝐼(𝑥) = 𝑒∫ tan 𝑥  𝑑𝑥  →    𝐼(𝑥) = 𝑒−ln cos 𝑥   

𝐼(𝑥) = (cos 𝑥)−1   →   𝐼(𝑥) =
1

cos 𝑥
= sec 𝑥   

𝐼(𝑥). 𝑦 = ∫ 𝐼(𝑥). 𝑄(𝑥) 𝑑𝑥   →   sec 𝑥 . 𝑦 = ∫ sec 𝑥 . sec 𝑥  𝑑𝑥  

sec 𝑥 . 𝑦 = ∫ sec2 𝑥  𝑑𝑥   →  sec 𝑥 . 𝑦 = tan 𝑥 + 𝑐   

𝑦 =
tan 𝑥

sec 𝑥
+

𝑐

sec 𝑥
  →  𝑦 = sin 𝑥 + 𝑐 cos 𝑥   

 

 



3- 
𝑑𝑦

𝑑𝑥
+ 3𝑦 = 𝑒−3𝑥         𝑃(𝑥) = 3        𝑄(𝑥) = 𝑒−3𝑥 

𝐼(𝑥) = 𝑒∫ 𝑃(𝑥)𝑑𝑥   →   𝐼(𝑥) = 𝑒∫ 3  𝑑𝑥  →    𝐼(𝑥) = 𝑒3𝑥  

𝐼(𝑥). 𝑦 = ∫ 𝐼(𝑥). 𝑄(𝑥) 𝑑𝑥   →   𝑒3𝑥 . 𝑦 = ∫ 𝑒3𝑥 . 𝑒−3𝑥  𝑑𝑥  

𝑒3𝑥 . 𝑦 = ∫ 1 𝑑𝑥    →   𝑒3𝑥 . 𝑦 = 𝑥 + 𝑐   

𝑦 =
𝑥

𝑒3𝑥 +
𝑐

𝑒3𝑥   →    𝑦 = 𝑥𝑒−3𝑥 + 𝑐𝑒−3𝑥  

  

 

4- 
𝑑𝑦

𝑑𝑥
+

𝑦

𝑥
= sin 𝑥        𝑃(𝑥) =

1

𝑥
      𝑄(𝑥) = sin 𝑥 

𝐼(𝑥) = 𝑒∫ 𝑃(𝑥)𝑑𝑥   →   𝐼(𝑥) = 𝑒∫
1

𝑥
  𝑑𝑥  →    𝐼(𝑥) = 𝑒ln (𝑥) = 𝑥  

𝐼(𝑥). 𝑦 = ∫ 𝐼(𝑥). 𝑄(𝑥) 𝑑𝑥   →   𝑥. 𝑦 = ∫ 𝑥. sin 𝑥  𝑑𝑥  

𝑥. 𝑦 = −𝑥 cos 𝑥 − sin 𝑥 + 𝑐  

𝑦 = − cos 𝑥 −
sin 𝑥

𝑥
+

𝑐

𝑥
  

 

 

5-  𝑦𝑙𝑛𝑦 𝑑𝑥 + (𝑥 − 𝑙𝑛𝑦)𝑑𝑦 = 0 

[𝑦𝑙𝑛𝑦 𝑑𝑥 + (𝑥 − 𝑙𝑛𝑦)𝑑𝑦 = 0] ÷ 𝑑𝑦  

𝑦𝑙𝑛𝑦
𝑑𝑥

𝑑𝑦
+ 𝑥 − 𝑙𝑛𝑦 = 0   →  𝑦𝑙𝑛𝑦

𝑑𝑥

𝑑𝑦
+ 𝑥 = 𝑙𝑛𝑦   

𝑑𝑥

𝑑𝑦
+

𝑥

𝑦𝑙𝑛𝑦
=

1

𝑦
     𝑃(𝑦) =

1

𝑦𝑙𝑛𝑦
      𝑄(𝑦) =

1

𝑦
 

𝐼(𝑦) = 𝑒∫ 𝑃(𝑦)𝑑𝑦  →  𝐼(𝑦) = 𝑒
∫

1

𝑦𝑙𝑛𝑦
  𝑑𝑦

→   𝐼(𝑦) = 𝑒ln (ln𝑦) = 𝑙𝑛𝑦  

𝐼(𝑦). 𝑥 = ∫ 𝐼(𝑦). 𝑄(𝑦) 𝑑𝑦   →   𝑙𝑛𝑦. 𝑥 = ∫ 𝑙𝑛𝑦.
1

𝑦
 𝑑𝑦  

𝑙𝑛𝑦. 𝑥 =
(𝑙𝑛𝑦)2

2
+ 𝑐    →   𝑥 =

𝑙𝑛𝑦

2
+

𝑐

𝑙𝑛𝑦
  

 

 

 



Bernoulli differential equation:  

A)   the equation has form  

𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥). 𝑦 = 𝑄(𝑥). 𝑦𝑛 … … … . (1)   division of both side of (1) by 𝑦𝑛 

𝑦−𝑛 𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥). 𝑦1−𝑛 = 𝑄(𝑥) … … … . . (2)  

Let 𝑧 = 𝑦1−𝑛   →   
𝑑𝑧

𝑑𝑥
= (1 − 𝑛)𝑦−𝑛 𝑑𝑦

𝑑𝑥
      substitution (2) we get 

𝑑𝑧

𝑑𝑥
+ (1 − 𝑛)𝑃(𝑥). 𝑧 = 𝑄(𝑥) … … … . (3)  

OR 

𝑑𝑥

𝑑𝑦
+ 𝑃(𝑥). 𝑥 = 𝑄(𝑦). 𝑥𝑛 … … … . (1)   division of both side of (1) by 𝑥𝑛 

𝑥−𝑛 𝑑𝑥

𝑑𝑦
+ 𝑃(𝑦). 𝑥1−𝑛 = 𝑄(𝑦) … … … . . (2)  

Let 𝑧 = 𝑥1−𝑛   →   
𝑑𝑧

𝑑𝑦
= (1 − 𝑛)𝑥−𝑛 𝑑𝑥

𝑑𝑦
      substitution (2) we get 

𝑑𝑧

𝑑𝑦
+ (1 − 𝑛)𝑃(𝑦). 𝑧 = 𝑄(𝑦) … … … . (3)  

 

Examples: find the general solution of the ODE 

1-  𝑦(6𝑦2 − 𝑥 − 1)𝑑𝑥 + 2𝑥𝑑𝑦 = 0 

[(6𝑦3 − 𝑥𝑦 − 𝑦)𝑑𝑥 + 2𝑥𝑑𝑦 = 0] ÷ 𝑑𝑥  

6𝑦3 − 𝑦(𝑥 + 1) + 2𝑥
𝑑𝑦

𝑑𝑥
= 0  

[2𝑥
𝑑𝑦

𝑑𝑥
− (𝑥 + 1)𝑦 = −6𝑦3] ÷ 2𝑥  

[
𝑑𝑦

𝑑𝑥
−

(𝑥+1)𝑦

2𝑥
=

−3

𝑥
𝑦3] ÷ 𝑦3  

𝑑𝑦

𝑑𝑥
𝑦−3 −

(𝑥+1)

2𝑥
𝑦−2 =

−3

𝑥
  



Let    𝑧 = 𝑦−2   →  
𝑑𝑧

𝑑𝑥
= −2𝑦−3 𝑑𝑦

𝑑𝑥
  →    

𝑑𝑦

𝑑𝑥
=

1

−2𝑦−3
 
𝑑𝑧

𝑑𝑥
   

[
1

−2

𝑑𝑧

𝑑𝑥
 −

(𝑥+1)

2𝑥
𝑧 =

−3

𝑥
](−2)   

𝑑𝑧

𝑑𝑥
+

(𝑥+1)

𝑥
𝑧 =

6

𝑥
      𝑃(𝑥) =

𝑥+1

𝑥
      𝑄(𝑥) =

6

𝑥
 

𝐼(𝑥) = 𝑒∫ 𝑃(𝑥)𝑑𝑥   →   𝐼(𝑥) = 𝑒∫
𝑥+1

𝑥
  𝑑𝑥  →  𝐼(𝑥) = 𝑒x+ln (𝑥) = 𝑥𝑒𝑥   

𝐼(𝑥). 𝑧 = ∫ 𝐼(𝑥). 𝑄(𝑥) 𝑑𝑥   →   𝑥𝑒𝑥 . 𝑧 = ∫ 𝑥𝑒𝑥 .
6

𝑥
 𝑑𝑥  

𝑥𝑒𝑥 . 𝑧 = 6𝑒𝑥 + 𝑐   →   𝑧 =
6𝑒𝑥 + 𝑐

𝑥𝑒𝑥    →   𝑦−2 =
6𝑒𝑥 + 𝑐

𝑥𝑒𝑥   

2- 𝑦𝑑𝑥 = (𝑥 + 𝑥3𝑦 cos 𝑦)𝑑𝑦  

[𝑦𝑑𝑥 = (𝑥 + 𝑥3𝑦 cos 𝑦)𝑑𝑦] ÷ 𝑑𝑦  

[𝑦
𝑑𝑥

𝑑𝑦
= (𝑥 + 𝑥3𝑦 cos 𝑦)𝑑𝑦] ÷ 𝑦   

𝑑𝑥

𝑑𝑦
=

𝑥

𝑦
+ 𝑥3 cos 𝑦   → [

𝑑𝑥

𝑑𝑦
−

𝑥

𝑦
= 𝑥3 cos 𝑦] ÷ 𝑥3  

𝑥−3 𝑑𝑥

𝑑𝑦
−

1

𝑦
𝑥−2 = cos 𝑦  

Let    𝑧 = 𝑥−2   →  
𝑑𝑧

𝑑𝑦
= −2𝑥−3 𝑑𝑥

𝑑𝑦
  →    

𝑑𝑥

𝑑𝑦
=

1

−2𝑥−3  
𝑑𝑧

𝑑𝑦
 

1

−2

𝑑𝑧

𝑑𝑦
−

1

𝑦
𝑧 = cos 𝑦   

 
𝑑𝑧

𝑑𝑦
+

2

𝑦
𝑧 = −2 cos 𝑦        𝑃(𝑦) =

2

𝑦
     𝑄(𝑦) = −2 cos 𝑦 

𝐼(𝑦) = 𝑒∫ 𝑃(𝑦)𝑑𝑦   →   𝐼(𝑦) = 𝑒
∫

2

𝑦
  𝑑𝑦

 →  𝐼(𝑦) = 𝑒2ln (𝑦) = 𝑦2  

𝐼(𝑦). 𝑧 = ∫ 𝐼(𝑦). 𝑄(𝑦) 𝑑𝑦   →   𝑦2. 𝑧 = ∫ 𝑦2. −2 cos 𝑦  𝑑𝑦  

𝑦2. 𝑧 = −2 sin 𝑦 − 4𝑦 cos 𝑦 + 4 sin 𝑦 + 𝑐  

𝑧 =
−2 sin 𝑦−4𝑦 cos 𝑦+4 sin 𝑦+𝑐

𝑦2
  

𝑥−2 =
−2 sin 𝑦−4𝑦 cos 𝑦+4 sin 𝑦+𝑐

𝑦2
  

 



B) the equation has form  

𝑓′(𝑦)
𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥). 𝑓(𝑦) = 𝑄(𝑥) … … … … … . (1)  

Let    𝑧 = 𝑓(𝑦)  →  
𝑑𝑧

𝑑𝑥
= 𝑓′(𝑦)

𝑑𝑦

𝑑𝑥
  

𝑑𝑧

𝑑𝑥
+ 𝑃(𝑥). 𝑧 = 𝑄(𝑥) ……………………....(2) 

OR 

𝑓′(𝑥)
𝑑𝑥

𝑑𝑦
+ 𝑃(𝑦). 𝑓(𝑥) = 𝑄(𝑦) … … … … … . (1)  

Let    𝑧 = 𝑓(𝑥)  →  
𝑑𝑧

𝑑𝑦
= 𝑓′(𝑥)

𝑑𝑥

𝑑𝑦
  

𝑑𝑧

𝑑𝑦
+ 𝑃(𝑦). 𝑧 = 𝑄(𝑦) ………………….….(2) 

 

Examples: find the general solution of the ODE 

1-  sec2 𝑦
𝑑𝑦

𝑑𝑥
+ 2𝑥 tan 𝑦 = 𝑥3  

Let    𝑧 = tan 𝑦  →  
𝑑𝑧

𝑑𝑥
= sec2 𝑦

𝑑𝑦

𝑑𝑥
   

    
𝑑𝑧

𝑑𝑥
= 2𝑥. 𝑧 = 𝑥2        𝑃(𝑥) = 2𝑥      𝑄(𝑥) = 𝑥3 

𝐼(𝑥) = 𝑒∫ 𝑃(𝑥)𝑑𝑥   →   𝐼(𝑥) = 𝑒∫ 2𝑥 𝑑𝑥  →  𝐼(𝑥) = 𝑒𝑥2
  

𝐼(𝑥). 𝑧 = ∫ 𝐼(𝑥). 𝑄(𝑥) 𝑑𝑥   →   𝑒𝑥2
. 𝑧 = ∫ 𝑒𝑥2

. 𝑥3 𝑑𝑥  

Let 𝑢 = 𝑥2   →   𝑑𝑢 = 2𝑥 𝑑𝑥  →   𝑑𝑥 =
1

2𝑥
 𝑑𝑢  

𝑒𝑥2
. 𝑧 = ∫ 𝑒𝑢 . 𝑢. 𝑥.

1

2𝑥
 𝑑𝑢   →  𝑒𝑥2

. 𝑧 =
1

2
∫ 𝑒𝑢 . 𝑢  𝑑𝑢   

 𝑒𝑥2
. 𝑧 =

1

2
[ 𝑢𝑒𝑢 −  𝑒𝑢] + 𝑐  

𝑒𝑥2
. 𝑧 =

1

2
[𝑥2𝑒𝑥2

−  𝑒𝑥2
] + 𝑐  

𝑧 =
1

2
[𝑥2 −  1] + 𝑐  

tan 𝑦 =
1

2
[𝑥2 −  1] + 𝑐  

 



2-  2𝑥𝑦 𝑑𝑦 + (1 + 𝑦2) 𝑑𝑥 = (𝑥 − 2)𝑒𝑥𝑑𝑥 

[2𝑥𝑦 𝑑𝑦 + (1 + 𝑦2) 𝑑𝑥 = (𝑥 − 2)𝑒𝑥𝑑𝑥] ÷ 𝑑𝑥  

[2𝑥𝑦 
𝑑𝑦

𝑑𝑥
+ (1 + 𝑦2)  = (𝑥 − 2)𝑒𝑥] ÷ (𝑥)  

 2𝑦 
𝑑𝑦

𝑑𝑥
+

1

𝑥
(1 + 𝑦2)  =

(𝑥−2)

𝑥
𝑒𝑥  

Let    𝑧 = 1 + 𝑦2  →  
𝑑𝑧

𝑑𝑥
= 2𝑦

𝑑𝑦

𝑑𝑥
 

𝑑𝑧

𝑑𝑥
+

1

𝑥
. 𝑧 =

(𝑥−2)

𝑥
𝑒𝑥        𝑃(𝑥) =

1

𝑥
      𝑄(𝑥) =

(𝑥−2)

𝑥
𝑒𝑥  

𝐼(𝑥) = 𝑒∫ 𝑃(𝑥)𝑑𝑥   →   𝐼(𝑥) = 𝑒∫
1

𝑥
 𝑑𝑥  →  𝐼(𝑥) = 𝑒𝑙𝑛𝑥 = 𝑥  

𝐼(𝑥). 𝑧 = ∫ 𝐼(𝑥). 𝑄(𝑥) 𝑑𝑥   →   𝑥. 𝑧 = ∫ 𝑥.
(𝑥−2)

𝑥
𝑒𝑥  𝑑𝑥  

𝑥. 𝑧 = ∫(𝑥 − 2)𝑒𝑥  𝑑𝑥   →  𝑥. 𝑧 = ∫(𝑥 − 2)𝑒𝑥  𝑑𝑥  

𝑥. 𝑧 = (𝑥 − 2)𝑒𝑥 − 𝑒𝑥 + 𝑐  

𝑧 =
(𝑥−2)

𝑥
𝑒𝑥 −

1

𝑥
𝑒𝑥 +

𝑐

𝑥
  

 1 + 𝑦2  =
(𝑥−2)

𝑥
𝑒𝑥 −

1

𝑥
𝑒𝑥 +

𝑐

𝑥
  

H.W. Find the general solution of the differential equation  

1-- 𝑦′ + 𝑦 cot 𝑥 = csc 𝑥      2-- [(1 + 𝑦2) −
𝑥

𝑦
]

𝑑𝑦

𝑑𝑥
= 1  

3-- 𝑥 𝑑𝑦 − [𝑦 + 𝑥𝑦3(1 + 𝑙𝑛𝑥)]𝑑𝑥 = 0 

4--(𝑥 + 2)2𝑦′ = 5 − 8𝑦 − 4𝑥𝑦 

5-- cos2 𝑥 sin 𝑥  𝑑𝑦 + (𝑦 cos3 𝑥 − 1)𝑑𝑥 = 0 

6-- (𝑥2 − 𝑦4)
𝑑𝑦

𝑑𝑥
= 𝑥𝑦       7--2𝑥2(𝑥 + 1)𝑦′ −

2𝑥

𝑦
 𝑦′ = 1 

8-- (ln 𝑦)𝑦′ + 𝑦(𝑙𝑛𝑦)2 = 𝑦 sinh 3𝑥 

9-- 𝑦 − (cos 𝑥)𝑦′ = 𝑦2 cos 𝑥 (1 − sin2 𝑥) 

10-- 
𝑥

√1+𝑦2
𝑦′ + sinh−1 𝑦 = 𝑥2 


