The derivative of the trigonometric functions

Theorem:

Let u be function then.
1- d(sinu) = cosu.du
2-d(cosu) = —sinu.du
3- d(tanu) = sec?u.du
4-d(cotu) = — csc*u.du

5-d(secu) = secu .tanu . du

6-d(cscu) = —cscu .cotu . du
Example:
Find y' = Y of the following functions.

dx
1- f(x) = x3 + sin 2x

sinx

2-y= (tanx)+1
Sol/
1- y = % = 3x2 + [cos 2x . (2)]
= 3x%+ 2 cos2x
) Y = (tanx+1)[cosx.1]—[sinx(sec2x+0)]

(tanx+1)2

tan x cos x + cos x — sin x sec?x
(tanx + 1)2
1



sin x
COS X

COSX + cosx — sinXx S€C2X

(tanx + 1)2

sinx + cosx — sinx sec?x
(tanx + 1)2

Home work:

Find y' = dy of the following functions.

dx
1-y = 4secx + tanx 3_y =+/x +eotx
x%+2
2-y=(cscx).(x+1) 4 y = —
Example:

Find y' for each of the following functions.
1-y = sin(x? + 2x +.1)
Sol/y’ = cos(x? +2x + 1){2x + 2 + 0]
= (2x + 2).cos(x? + 2x + 1)
2-y = tan (x +.cos x)

Sol

~

Letu = x + cosx
y =tanu
y' = sec’u.du

Now,u = x + cos x



du =1+ (—sinx (1))
=1-sinx
=y’ = sec?(x + cos x). (1 — sinx)

= sec?(x + cosx) — sinx .sec?(x + cos x)

Home work: Find y’ for each of the following functions.

1- y = cot(secx)

__ sin(4x)
2-y = x2+cosx
_

3- Y= sinx
__tan (sinx)
4'}/ - cot(cos x)

Derivative of composite functions

Chain Rule:

Lety =f(u), u =g(x) then

d_dy e 50
dx du " dx
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Lety = 5u? + 3u, u =sinx findZ—z

Sol/

dy dy du
dx du dx

Now ay _ 10u + 3 and du _ COS X
du dx

Thus L (10u + 3)(cos x)

dx_

dy .
= (10(sinx) +3)(cos x)

ﬁ_
dx

oSt by JS Ja e
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= 10sinx cosx + 3cosx

Example:

Find % for each of the following functions
1- y = sin(tan x)
Sol/

Let u =tanx = y =sinu

d du
& =cosu and— = S€C2x
du dx

Thus by chain rule
dy dy du

2 2
= . = cos U .sec” x = cos(tan x).sec” x
dx du dx ( )




2-y = (x%+ Sx)10
Sol/

Let u=x2+5x=>y=ulf

Y _10.4° and E=2x+5
du dx

by chain rule
dy dy du
dx du’dx

= (10.2°)(2x + 5)

=10(x2 + 5x)9(2x +5)
3-y = cos(secx) H.W

Second Order Derivative and Derivatives of Higher
Order

The derivative y = % is the first derivative of y = f(x) with respect

to x. The first derivative is itself a function of x and may be

differentiable.

Thus, we can derivative it

. dy' d <dy> B d*f B d?y

Y =dx=dx dx /|  d?x  d%x

Which is called second derivative of y = f(x) with respect to

X .



In general

a3 d (d?y)\ . : .
y" = EYX == (—y) is the third derivative.
d3x dx \d?x
m oy 2y _ 4 (—dgy ) is the fourth derivative
y y d4x dx \d3x :

m _ 4"y _ d (d”‘ly

— — ) is n the derivative.
an—1x

dnx_a

Example:

Find y y y" y® ofy = sin(x?)
Sol/
¥ = cos(x®).3 x? = 3x? cos x>
y" = (3X2)(— sin x* (3x2)) + (cos x*)(6x)

= —9x%*sinx3 + 6x cosx3

y" =[=9 x*(3x2 cos(x?)) + (sin(x3))(—36x3)]
+ [6x (— sin x> (3x2)) + 6 cos x3]

y® - H.M



Example:

Lety = x* + 3x%2 —5x + 2 find y”’(%) and y(“)(%)

Sol/
y = 4%° + 6x—5
y" =12x*+6
et ()=o)
y® =24 y®(2) =24

Home work:

1. let f(x) = x sinx find f' G)

2. showthat y"“+ 4 y =0, wheny = 3sin(2x + 3)
3. show that y" + y" 4+y+y=0 wheny =sinx + 2cosx
4. Find y y" y”  forthe following functions
. y=x*+1
. y =cotx
lll. 'y ="5secx
IV. y=+/sinx

V. y= cos(x + 2)?

VI. y= %tanxsin 2x



