Linear differential equation of order (n)

A Linear differential equation of order (n) has the form

n n-1
an%"‘anqd 311+°-'+a0y=f(x) ......... (1) Wherea, #0

dx™~
If f(x) = 0 then (1) has the form

dny dn—ly
An dxn t n-1 dxn-1

+ - +agy=0...........(2)

Is called homogenous to indicate that all the terms are of the same (first)
degree in (y) and its derivatives

Linear Differential Operator: We define a linear differential Operator

Say (L) as follows:

dTl dn—l
L= andx_”-l_ an_lm + -+ a

Now

dny dn—1y
L(y) = Ap o m T An-1 750+ 1 Aoy
Or

L) = apy™ + ap_1y™ " + -+ agy
Hence, equation (1) can be written in the form.

Ly)=f(x).unu..(3)

Theorem1(linear property): - If y;(x) and y,(x) are two functions, then

Lic;y1(x) + coy,(x)] = ¢4 L (yl (x)) + CzL()’z (x)) where ¢; and c, are
constants

Proof: - in this case L(y) can be written in the following

L(y) =y"(x) + ay’(x) + by(x)



Then  Llc;y1(x) + 2y, ()] = [c171(X) + c2¥2(x0)]" + a[cy,(x) +
C2¥2(x)]" + blc1y1(x) + 2y, (x)]

= c1y1 + 6y; +acyr +acy; + beyy + by,

= (c1y1 + aciy; + beyr) + (c2y7 + acyy; + bezy,)
= ¢ (y1 +ay; + bcyyr) + 2 (y; + ay; + bys)

= c;L(y1) + c;L(y7)

Theorem2: - If y; and y, are two solutions of the homogeneous linear
DE L(y) = 0 then y = ¢;y; + ¢,¥, is also a solution of L(y) = 0

Proof: - since y; and y, are two solutions of L(y) = 0 then L(y;) =0
and L(yz) =0

Now Llciys + c3y2] = c1L(y1) + ¢c;L(y3) = ¢1.0 + ;.0 =0

then y = ¢,y + ¢,y, is also a solution.

Definition: - let y;,y,,....... , Yn are all functions that have (n — 1)
derivatives on an interval a < x < b, the Wronskian of the functions
V1 V2rereenns , Y written (w) is a determined defined by
Y1 Y2 Yn
V1 Y2 Yn
w=| ¥ y2 ot Wi
._1 2_1 . !_1
yl(n ) yz(n ) yr(ln )




Theorem3: - suppose that y,,y,,....... , Yn is a set of (n) solutions of the
n-th order linear homogeneous DE L(y) = 0, then the set of functions
that y; (x), ¥, (x),....... , Yn(x) is linearly independent of

a < x < b iff the Wronskian of the set is not zero.
Examples: the Wronskian shows that

1- {1, x, x*} are linearly independent

2
w=lo 1 §x=(1)|(1) -y F)+en]y of=2%0
O 0 2

2-y; = e, y, = e**

—-X 2x

e e

oot gp2x =2e*+e*=3e*#0

w =

3- Y1 =—CYy, D Y2 = 2 Y1

Co
C1

LetA=— - y, =4y,
C2
yi Y2 y1 Ay, / /
= / | = ’ = — A = O
w |y1 y2| v, Ayl Y1Y1 Y1Y1

Theoremd: - if L(y) is a linear n-th order homogeneous DE, then it has
(n) linearly independent solution say y;(x), y,(x),....... , Yn (x) Then the
general solution of L(y) is alinear combination of those solutions that
is: - y=c;y1(x) + c,y,(x) + -+ ¢,y (x) where c¢4,cy,...,c, are
arbitrary constants



TheoremS5: the general solution of the n-th order linear non-homogeneous
DE L(y) = f(x) is consisted

1- the general solution of the homogeneous DE L(y) = 0 id denoted

by y
2- a special solution of non-homogeneous DE L(y) = f(x) written y,

and is called the particular solution of DE, then y = y. + y,

homogeneous linear differential equation with constant coefficient

A homogeneous linear differential equation with constant coefficients has

the form
dny dn—ly .
anontan oot tay=0..... (1) Wherea, #0
And a,,_1,ap_2, - .- ,ao are all constants.
_ 2 _ &y 2, — & n, — &Y
LetD—dx,Dy—dx,Dy—dxz, ...... ,Dy—dxn

Then equation (1) becomes

a, D"y + a,_ D" 1y + - +ayy=0...... (2)
Or
(a, D"+ ap_ D" 1+ -+ ag)y=0...... (3)

Define the operator L(y) = a,D™ + a,_{D" 1 + -+ a,
Hence, equation (3) becomes L(D)y =0 ... ... ... (4)

To find the general solution, let y = e™* be any solution (m is constant)
now L(D).e™ =0 - L(m).e™ =0 - L(m) = 0,which is the
characteristic equation of (1)



Case 1: if my #m, #,............, m,, (real distant roots) the general
solution y = c;e™* + c,e™2* + ... 4+ c,,e™* where cq,cy,...,C, are

constant y; = e™¥,y, = e"2¥ | , YV = e’’nX

Case 2: if my =m, =, ............,m,; (real equal roots) the general
solution y = ¢;e™* + c,xe™2* + -+ + ¢, x" " Le™n¥ where ¢4, Cy, ..., Cp
are constant y; = e™1¥ y, = xe™2* . ., VY = X leMnX

Case 3: for any pair of imaginary roots, say my = a + bi ,m, = a — bi

The general solution is y = e%*(c;cosbx+ c,sinbx) and
y1 =e%¥cycosbx , y, =e%c,sinbx

Examples: find the general solution of the ODE

2
1-2°2+52 -3y =0
2D?’y + 5Dy — 3y =0
(2D?+5D —-3)y=0
The characteristic equation is
2m?+5m—3=0
(m+3)2m—-1)=0

m+3=0 - m=-3
1

2Zm—-—1=0 - 2m=1 - m=-

the general solution y = ¢;e™* 4 c,e™2*
1
y = c;e3* + ¢ e?*

1
_ .3 _ X
y1=e>* , y,=ez



2-y"+4y"+y =0
Dy +4Dy +y =0
(D?+4D+1)y=0
The characteristic equation is
m?+4m+1=0

__ —b+Vb2-4ac _ —4+V16-4
myo = 2 - M2 =5

_ —4+V12 _ —414243
my, = - my o =

2
my, =—-2+2V3

m; =—2+2V3 , my,=—-2-23
the general solution y = ¢;e™* 4 c,e™2*
y = cle(‘2+2‘/§)x + Cze(—z—zﬁ)x

y, = p(—2+2V3)x Y, = p(—2-2V3)x

3- (D3 +4D* +4D)y =0
The characteristic equation is
m3+4m?+4m =0
m@m? +4m+4) =0
mm+2)(m+2)=0
m=0,m=-2,m= -2
the general solution y = ¢;e™* 4 c,e™2* + c3xe™3*

y = c;e%% + c,e ™%X + cyxe %X

2x

yi=1 y,=e %, y;=xe **

4-(D3+D?-3D+1)y=0
The characteristic equation is
m3+m?2—-3m+1=0
m=1 - m—-—1=0
m-1)(m?*+2m—-1)=0



—b+VbZ—-4ac —2+\/4+4
= > - mZ 3 = —
a )

—21/8 —242v2
M2 =3 - my o =
ml’z = _1 i \/E
m=—1+v2 , my=-1-42
the general solution y = c;e™1* 4 c,e™2* 4 c3e™3*
y = cie* + c,e(C1HVIX | ¢ p(-1-V2)x

yi=e¥, y,=eTHx = (-1-V2)x

(D* —8D? +16)y =0

The characteristic equation is

m*—8m?+16 =0

(m? —4)(m?—-4)=0

(m—-2)(m+2)(m—-2)(m+2)=0

myz = —2, My, =2

the general solution y = c;e™1* 4 c3xe™3* 4 c,e™2* 4 c,xe™4*
y = cie ¥ + cg3xe ™ + c,e?* + ¢ xe?*

_ 5,2 — p—2Xa, — 52X _
y1=e "%, y3=xe Ty, =e", y,=xe

2x
y'+4y'+5y =0
D?y + 4Dy +5y =0
(D2 +4D +5)y =0
The characteristic equation is
m?+4m+5=0
—-b+Vb%-4ac N _ —4+/16-20
2a
—4+V/-4 —442i
2
m1’2=_2-|_'i m1=_2+i,m2




The general solution is y = e**(c; cos bx + ¢, sin bx)
y = e %*(c; cos x + ¢, sinx)
y, = e ?*cicosx , y,=e **c,sinx

H.W. Find the general solution of the differential equation
1--y" 4+ 2y"—15y =0

2--y" = 2y" =5y =0

3--3y" 4+ 2y"+y =0

4--y" —4y"+7y =0
5--(D3®—6D*+12D —8)y =0
6--(D3+D?+D+1)y=0
7--(D* + 2D3 +D?)y =0
8--(D3+2D*+D+2)y=0

9-- (4D3 + 6D? — 6D —4)y =0
10-- (D3 — 6D? 4+ 11D — 6)y =0
11-- (6D3 + 11D% — 12D —5)y =0



