Classical Mechanics 2025-2026 Chapter Six

Chapter Six
Linear momentum and collisions
6-1- Linear momentum
The linear momentum P of a particle or an object is defined to be the product of
the mass and velocity of the particle.

P=mv . (1)

Linear momentum is a vector quantity because it equals the product of a scalar
quantity m and a vector quantity V. Its direction is along v, it has dimensions ML/T,
and its SI unit is kg.m/s.

If a particle is moving in an arbitrary direction, P has three components, and Eq. (1)
1s equivalent to the component equations

P =mv_ P =mv, P =mv,

We can express Newton’s second law of motion in terms of momentum

= _ dv
ZF—ma—mE

If the mass m is constant

ad¢ ~oa (2) (Newton’s second law)

“The net force acting on a particle equals the time rate of change of momentum of
the particle”.

6-2- Isolated system (Momentum)
Consider an isolated system of two particles as shown in the figure below, with
masses m; and m, moving with velocities v, and v, at an instant of time. Because

the system is isolated, the only force on one particle is that from the other particle.
If a force F,, from particle 1 acts on particle 2, there must be a second force F,, from

particle 2 exerts on particle 1 equal in magnitude but opposite in direction. That is,
form a Newton’s third law:

Flz = _F21
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dv,  dv,

m —+m,—=

dt dt

If the masses m; and m, are constant .

d(m,v,) .\ d(m,v,)
dt dt

=0

P_ =constant
Pn + 132i = 131f + sz ....... (3)
Eq.(3) can be written

P

liz

P

lfy+P

P oty

lix

+P

2ix

= Plfx + P2fx P

liy T P, +Py, =P, + Py,

iy:

Whenever two or more particles in an isolated system interact, the total momentum
of the system does not change.

6-3- Nonisolated system (Momentum)
Consider a particle acted on by a net force Y F during a time interval Atfrom t; to

tr.
From Newton’s second law:

SE=L or  YFRd=dp

The change in the momentum due to > F during the time interval At from t; to t;

[ = ap=Pp,
4 5

[ > Fat=ap
The quantity j > Fdt is called impulse J and is equal to change in the linear

momentum.
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=[YRe @)

J=AP (5)  (Impulse-momentum theorem)

The change in the momentum of a particle is equal to the impulse of the net force
acting on the particle.

If the net force ) F is constant, then eq.(4) can be written

J=> FAt
YR (6)
In the case ) F varies with time, we can define an average net force (3 F)
J=()F) At
(Z ) ........ (7)
Eq.(4), can be written in component form
te
JX = IZdet = Pxf _Pxi = mfo _min ........ (8)
4
t
Jy = J.Z:Fyd’t = ny _Pyi =mv,-mv, ... (9)
4
te
JZ = JZFZdt = sz - Pzi =mv,—mv, = ... (1 0)
5

Ex: A 60 kg archer stands at rest on frictionless ice and fires a 0.030 kg arrow horizontally
at 85 m/s as shown in the figure below. With what velocity does the archer move across
the ice after firing the arrow?

Soln:
AP=0 > P,-P=0 > P=P

(mlvli +m,Vv, ) = (mlvlf +m,V,, )

(ml (O) +m, (O)) = (mlvlf +m,V,, )
— — — m, |._
0=(mv,+m,v,) > V= _(Ezj Vs

v, = —(%)(851) =-0.042{ m/s
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Ex: In a particular crash test, a car of mass 1500 kg collides with a wall as shown in figure
below. The initial and final velocities of the car are v, —=-151 m/s and Ve =2.6i m/s,

respectively. If the collision lasts 0.15 s, find the impulse caused by the collision and the
average net force exerted on the car.

§o|n:_
J:AP 9 j:f)f—pi —
J=m(9, —v,)=1500(2.6] +15i )= 2.64x 10" { Kg.mys
T 2.64x10*1i -
= (S'F > (YF) =220 1y 76%10° iN _—
J (ZF)aVAt (Z ) At 0.15 76x1071 +2.60 m/s e
=

Ex: An estimated force-time curve for a baseball struck by a bat is shown in Figure below.
From this curve, determine (a) the impulse delivered to the ball, (b) the average force
exerted on the ball, and (c) the peak force exerted on the ball.

Soln: o
I 7R F =18 000 N
a)J= J.Zth = area under curve \
. 20 000 N
1 3 15 000 A\
J=—=(1.5x107s)(18000 N) =13.5 N.s VAN
2 10 000 / \
b) F= 22 NS _ 9000 N 5 000
1.5x10 f{ms)
c) From graph, we see that Fmax=18000 N 0 1 2

Ex: You throw a ball with a mass of 0.4 kg against a brick wall. It hits the wall moving
horizontally to the left at 30 m/s and rebounds horizontally to the right at 20 m/s (a) Find
the impulse of the net force on the ball during its collision with the wall. (b) If the ball is in
contact with the wall for 0.010 s, find the average horizontal force that the wall exerts on
the ball during the impact

Soln:

JX :APX 9 JX :Pxf _Pxi T
Lo Vi, =30 s

— 12 040 k
J,=m(v,—v,)=(0.4)(20+30) =20 Kg.m/s *_ m= 0V RS

0.01

=(SR), a0 3 (SF), =R amon| o—

Vo= + 2
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6-4- Collisions in one dimension
The term collision represents an event during which two particles come close to each
other and interact by means of forces.

Collisions are categorized as being either elastic or inelastic depending on whether or not
kinetic energy is conserved.

An elastic collision between two objects is one in which the total kinetic energy (as well
as total momentum) of the system is the same before and after the collision. For example,
collision between billiard balls.

An inelastic collision is one in which the total kinetic energy of the system is not the
same before and after the collision (even though the momentum of the system is
conserved). Inelastic collisions are of two types. When the objects stick together after
they collide, as happens when a meteorite collides with the Earth, the collision is called
perfectly inelastic.

When the colliding objects do not stick together but some kinetic energy is transformed
or transferred away, as in the case of a rubber ball colliding with a hard surface, the
collision is called inelastic.

6-4-1- Perfectly inelastic collisions

Consider two particles of masses m1 and mz moving with initial velocities v,; and v,, along

the same straight line as shown in figure below. The two particles collide head on, stick
together, and then move with some common velocity v, after the collision.

Because the momentum of an isolated system is conserved in any collision, we can say
that the total momentum before the collision equals the total momentum of the composite
system after the collision:

AP =0 > 13 — Pf Before the collision, the
i

particles move separately.

mv,; +m,v,, = (ml +m, )Vf Vs

1i v
7
| My

- _ MV, +m,v,
Vy=— i ——22
(ml + mz)

After the collision, the
particles move together.

v
/
my + my
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6-4-2- Elastic collisions

Consider two particles of masses m1 and mz moving with initial velocities v,; and v,, along
the same straight line as shown in figure below. The two particles collide head on, then
leave the collision site with different velocities v, and v,; . In an elastic collision, both the

momentum and kinetic energy of the system are conserved. Therefore, considering
velocities along the horizontal direction

P =P 2 myv,;+m,v, =myv,+m,v,
Before the collision, the
particles move separately.
m1(Vn —Vlf):mz(v2f —V2i) .......... (1)
Vii Vo;
e
I 51 L 5 1 2
Ki=K; =2 —myv;+-m,vy =_mVv;+_-m,vy " =
2 2 2 2
2 2\ _ 22
ml (Vli — Vig ) - mZ (VZf V2i) After the collision, the
particles continue to move
( X ) ( X ) 2 separately with new velocities.
m v, =V A\ + Ve J=movy = v kv, Vo ) (2)
i Yy
3 2@ @
Divided eq.(1) by eq.(2):
Vi + V=V +v,e (3)

Ex: An 1800 kg car stopped at a traffic light is struck from the rear by a 900 kg car. The
two cars become entangled, moving along the same path as that of the originally moving
car. If the smaller car were moving at 20 m/s before the collision, what is the velocity of
the entangled cars after the collision?

Soln:
m, =1800Kg, v, =0 m,=900Kg, v,, =20m/s

_myvy; +m,vy,

v - m,v,,  900x20
' (ml + mz)

= =6.67 m/s
(m, +m,) 1800+ 900

2> V=

6-5- Collisions in two dimensions

For two-dimensional collisions, we obtain two component equations for conservation of
momentum:

AP =0 2> P =P > myv, +m,v, =myV, +m,v,.

AP, =0 2> P=P 2> my, +myv, =mv,+m,v,

Consider a specific two-dimensional problem in which particle 1 of mass m1 collides with
particle 2 of mass mz initially at rest as in figure below. After the collision, particle 1 moves
at an angle 0 with respect to the horizontal and particle 2 moves at an angle ¢ with respect
to the horizontal. This event is called a glancing collision. Applying the law of conservation
of momentum in component form and noting that the initial y component of the momentum
of the two-particle system is zero gives:
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m,v,, +0=m,v,, cosd+m,v,; cosp
0=m,v,sin@—m,v,,sin¢
If the collision is elastic:
1 1 1
K=K, = Emlvfi +0= Emlvff + Emzvif
Vs

Before the collision

-  yCcOS 6
- e
- Vg COS G
\i
Tgr SINLG - — — = ?2f

After the collision

If the collision is inelastic, kinetic energy is not conserved and the above equation does

not apply.

Ex: A 1500 kg car traveling east with a speed of 25 m/s collides at an intersection with a
2500 kg truck traveling north at a speed of 20 m/s as shown in figure below. Find the
direction and magnitude of the velocity of the wreckage after the collision, assuming the

vehicles stick together after the collision.
Soln:

AP =0 > D P, =>P,

AP, =0 > > P, =>P, > m,v,=(m+m,)v,sin6

> myv,; =(m, +m,)v, cosd

Divided eq(2) on (1)

m,v,, _sing

=tan @

m,v,, cos@

0= tan” (mm ] ! ((2500 Kg)(20 m/ S)J sy

m,v, (1500 Kg)(25 m/s)

m,v,, (2500 Kg)(ZO m/s)

(m, +m,)sin€ (1500 Kg+2500 Kg)sin53.1° °

Ve =

(1)

.(2)

95.0i m/s

X

I?O.Oj m/s

Ex: A 3 kg steel ball strikes a wall with a speed of 10 m/s at an angle of 60° with the
surface. It bounces off with the same speed and angle as shown in the figure below. If
the ball is in contact with the wall for 0.2 s, what is the average force exerted by the wall

on the ball?
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Soln: y
AP, =1’1’1(ny—Viy)=m(VCOS6OO—VCOS600)=0 ‘\
N 60.07
AP =m(vy —v, )= rn(—v sin 60° — vsin 60° ) =—2mvsin60° |  _________ £ N x
AP, =-2(3 kg)(10m/s)(0.866) = 52 kg.m/s oy
I AP —52 N
AP=(> F) At = F) =—2=——=-260N Q
(Z )av t (Z )av At 02 p =

6-6- The center of mass

The center of mass of a system of particles is the point that moves as though: (1-) all of
the system's mass were concentrated there, and (2-) all external forces were applied
there.

6-6-1- System of particles:
The center of mass of the pair of particles described in figure below is located on the x
axis and lies somewhere between the particles. Its x coordinate is given by

¥

XcM

my

—-X]-q— |

The x coordinate of the center of mass of n particles is defined to be

2mx; 2 mx,
i —

_ mx; +m,X, +myx;+--+mx, z v :ﬁz:mixi ..... (1)
m, i

X
CM
m, +m, +m,+--+m,

The y and z coordinates of the center of mass are similarly defined by the equations

1

Yo =1 my, (2)

1
Zey = MZmizi ....... (3)

The center of mass can be located in three dimensions by its position vector 1.,
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T =Xl + Yo FZedk 4)
Tom :Lme;+LZmyj+LZmzf<:LZmﬁ ...... (5)
M l 1771 M - 171 M - 171 M - 1

Where t = Xii + yj + zilz

The velocity of the center of mass of a system of particles

_dg 1 i 1 _
Veus :% =ﬁzmid_f =Mzmivi ...... (6)

The acceleration of the center of mass of system of particles

_ dv 1 dv, 1 _
oy :%:MZmid—t‘:ﬁZmiai ...... (7)

i i

Newton’s second law:
Mag, =Y ma=>E (8)
The total momentum of a system of particles:

MV, = Zmivi = Zf)i =, 9)

6-6-2- Solid objects:

An ordinary object, contains so many particles can best treat it as a continuous distribution
of matter. The particles then become differential mass elements dm, the sums of Eq.1
become integrals, and the coordinates of the center of mass are defined as:

Xen :ﬁjxdm ...... (10)
Yeu =$ [ydm (11) P
Zoy = ﬁj‘zdm ....... (12) “ )
Ty = ijfdm ....... (13) :
M
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Ex: A system consists of three particles located as shown in figure below. Find the center
of mass of the system. The masses of the particles are mi=m2 =1.0 kg and ms= 2.0 kg.

Soln:
XM :i X mXx, = m;X, +m,X, +m;X,

M = m, +m2 +m3
_(ke)(Im)+(1ke)(2m)+(2ke)(0) _ o

(4 kg)
_ L X _my +m,y, +m,y, ?
Yem _Mgmi%_ m, +m, +m,
_(1ke)(0)+(1ke)(0)+(2ke) 2m) _ |
(4 kg)

v = Xeud + Yo = (0751 +]) m

y(m)

n
oM

ny

Mg Sx(m)

Ex: (A) Show that the center of mass of a rod of mass M and length L lies midway
between its ends, assuming the rod has a uniform mass per unit length. (B) Suppose a
rod is nonuniform such that its mass per unit length varies linearly with x according to the
expression A =ax , where a is a constant. Find the x coordinate of the center of mass as

a fraction of L.

Soln:

The mass per unit length (the linear mass density) can be written as A =M/L for the
uniform rod. If the rod is divided into elements of length dx, the mass of each element is

dm=Adx.

1 1% A X"
(A) XCMZMIdeZM.([Xﬁ,dX=—— =

M 2 2M

0

Substitute A =M/L

I (M) 1
X =——| — |=—L
M 2M(Lj 2

(B) xcy :ﬁj.de: Mj‘xldx = —IdeX 2
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Ex: Three particles of masses m1= 1.2 kg, m2= 2.5 kg, and ms= 3.4 kg form an equilateral
triangle of edge length a=140 cm. Where is the center of mass of this system?

Soln:

X, A m,X, +myX,

m, +m, +m,

(1.2 kg)(0)+(2.5 kg)(140 cm)+(3.4 kg)(70 cm)

(7.1kg) -
_L : _ Iy, +m,y, +myy,
YCM_M;mi b m, +m, +m,
1.2k 25k 4kg)(12
(12K g)(0)+(25 ke)(0 om)+ (34 kg)(120em)

(7.1kg)

Fo = Xewl + You = (831 +58]) cm

150

i3

100

Ny

m 50 X 100 “150

Ex: You have been asked to hang a metal sign from a single vertical string. The sign has
the triangular shape shown in figure below. The bottom of the sign is to be parallel to the
ground. At what distance from the left end of the sign should you attach the support string?

Soln:

We assume the triangular sign has a uniform density
and total mass M.

p =density of the metal, t= thickness of the metal sign
vV  oytdx
V= %abt = volume of the triangle

: { ( ,-U) . 2My ;
— .{J ..,. — 1[{ ; . — - ...
dm = pyldx = %ab! Yl dx = " dx

KNy = — = — X ax = — Xy dx
Yom = Gy | Xdm = J, b T o E

Joe's
Cheese Shop
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Ex: James (mass 90.0 kg) and Ramon (mass 60.0 kg) are 20.0 m apart on a frozen pond.
Midway between them is a mug. They pull on the ends of a light rope stretched between
them. When James has moved 6.0 m toward the mug, how far and in what direction has
Ramon moved?

Soln: Jomes Ramon
90.0kg 600k g
k L [P ﬁ
-10.0m Xor 0 +0.0rm
+ —_
Koy, = m, X, +m,X, N = (90 kg)(=10 m) +(60 kg)(10 m) _ om

m, +m,

(90 kg + 60 kg)

When James moves 6.0 m toward the mug, his new x-coordinate is -4 m. The center of
mass doesn’t move, so

_ (90 kg)(—4 m) +(60 kg)(x,)
- (90 kg + 60 kg)

—2m 2 X,=1m
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