Differentiation

OVERVIEW: The slope of a curve at a point is the limit of secant slopes. This limit,
called a derivative, measures the rate at which a function changes, and it is one of the most
important i1deas in calculus. Derivatives are used to calculate velocity and acceleration, to
estimate the rate of spread of a disease, to set levels of production so as to maximize
efficiency, to find the best dimensions of a cylindrical can, to find the age of a prehistoric
artifact, and for many other applications. In this chapter, we develop techniques to
calculate derivatives easily and learn how to use derivatives to approximate complicated

functions.

3.1 The Derivative as a Function

the slope of a curve y = f(x) at the point where

x = Xxg to be

f(xo + h) — f(xo).

m
h—0

We called this limit, when it existed, the derivative of f at xo. We now investigate the
derivative as a function derived from f by considering the limit at each point of the do-

main of f.

FIGURE 1 The way we write the

difference quotient for the derivative of a
function f depends on how we label the
points involved.
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y = f(x)

Secant slope is

f(z) — f(x)
Q(z, f(2)) ,[ . = -
P(x, f(x)) f(Z)l— f(x)
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Derivative of fat x is

fix + h) — f(x)

f(x) = L'To h
. J(@) — f(x)
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DEFINITION Derivative Function

The derivative of the function f(x) with respect to the variable x 1s the function
f' whose value at x is

o) = 1im JEE ) = )

h—0 h

b

provided the limit exists.

EXAMPLE 1 Applying the Definition

Differentiate f(x) = —

x—1°

Solution Here we have f(x) = : - i
(x + h)
x+ h) = , SO
e = arm -1 ykh o
) = 1 flx + k) — f(x) B x+h—-—1 x-—1
flx) = jhm h B h
1 GERE-D —aath-1) ] —h
=Y (x+ k& — D(x—1) 0k (x+h— Dx— 1)
_ -1 —]
= lim

o (x+h— Dx—1) (x— 172

EXAMPLE 2  Denvative of the Square Root Function

(a) Find the derivative of y = Vx forx > 0.
(b) Find the tangent line to the curve y = Vxatx = 4.

Solution

(a) We use the equivalent form to calculate f':

£ = tim Ty VEZ Vs
= Vz — Vx TR ———
z—’x(\/g — \/})(\/2 + \/;) Z—X \/E -+ \/.;‘ 2\/.;
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(b) The slope of the curve at x = 4 1s
I I

'(4) = = .
f)=—"7=3

The tangent is the line through the point (4, 2) with slope 1/4
_ 1o _
y=2+ 1 (x — 4)

I

y=Zx+ 1.
y
.
\=%x+l
\
\
4,2) y=Vx
>
. 1 1 I _1‘ | > X

FIGURE 2 The curve y = Vxand its
tangent at (4, 2). The tangent’s slope 1s
found by evaluating the derivative at x = 4
(Example 2).

Notations

There are manv wavs to denote the derivative of a function y = f(x), where the independ-
ent variable 1s x and the dependent variable 1s y. Some common alternative notations for
the derivative are

d d
rw =y =2 = -4 g - D)) = DS

The symbols d/dx and D indicate the operation of differentiation and are called
differentiation operators. We read dy/dx as “the derivative of y with respect to x,”” and
df/dx and (d/dx)f(x) as “the derivative of f with respect to x.” The “prime” notations y’
and f' come from notations that Newton used for derivatives. The d/dx notations are simi-
lar to those used by Leibniz. The symbol dy/dx should not be regarded as a ratio (until we
introduce the 1dea of “differentials™
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Be careful not to confuse the notation D( f) as meaning the domain of the function f
instead of the derivative function f'. The distinction should be clear from the context.
To indicate the value of a derivative at a specified number x = a, we use the notation

d d
ra=% =2 =%

Xr=a X=a X

[
S|

For instance, in Example 2b we could write

o I |
x=4 2\/X_ x=4 2\/5 4°

To evaluate an expression, we sometimes use the right bracket | in place of the vertical bar | .

f'(4) = 4 Vi

EXERCISES 3.1

Finding Derivative Functions and Values

Using the definition, calculate the derivatives of the functions in Exer-
cises 1-6. Then find the values of the derivatives as specified.

. f(x) =4 —x% f'(-3), f(0), (1)
2. Fix) =(x — 1 + 1: F'(—=1), F(0), F(2)

3. g(1) = %2; g'(—l),g'(2),g'(\”§)

4. k(z) =5 K1,k K(V2)

5. p(8) = V36; p'(1),p'(3),p'(2/3)
6. r(s) = V2s + 1; r(0),7(1),r(1/2)

In Exercises 7—12, find the indicated derivatives.

d."' . 3 dr . S3
7.& if yv= 2 8°$ if r—3+l
ds . t
0. p if s > + 1
dv . B 1
10. E if v=1t-—- n
dp 1
1. — if p=
dq \/q + 1
2. c}ﬁ if zm—
L \/3w -2
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