.2 Differentiation Rules

This section introduces a few rules that allow us to differentiate a great variety of
functions. we can differentiate functions without having to apply the definition of the
derivative each time.

Powers, Multiples, Sums, and Differences
The first rule of differentiation is that the derivative of every constant function is zero.

RULE 1 Derivative of a Constant Function
[f f has the constant value f(x) = ¢, then

af  d , . _
T dx(c)—O.

EXAMPLE 1

[f f has the constant value f(x) = 8, then

df

_ 4
dx ~ dx

c;i( 7;>=0 and %(\/5)=0

The second rule tells how to differentiate if n is a positive x" integer.

(8) = 0.

Similarly,

RULE 2 Power Rule for Positive Integers

[f n 1s a positive integer, then

To apply the Power Rule, we subtract 1 from the original exponent (n) and multiply
the result by n.

EXAMPLE 2  Interpreting Rule 2

ro

f X X X3 x4

f | 2x 3x? 4x°
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RULE 3 Constant Multiple Rule
[f u 1s a differentiable function of x, and ¢ 1s a constant, then

i(cu) = CQ.

dx dx

In particular, if » 1s a positive integer, then

d |

pn (ex") = enx""".

EXAMPLE 3

(a) The derivative formula
£ (3x%) =3-2x = b

says that if we rescale the graph of y = x? by multiplying each y-coordinate by 3,
then we multiply the slope at each point by 3 (Figure 3 ).

(b) A useful special case
The derivative of the negative of a differentiable function « is the negative of the func-

tion’s derivative. Rule 3 with ¢ = —1 gives
d d d du
dx( u):dx( l-u)=—]-z(u)=—z. H
y
1 y =3x
Slope = 3(2x)
= 6x
/ =6(1)=6
y=x?
Slope = 2x
=2(1)=2
(1, 1) FIGURE 3  The graphs of y = x* and
y = 3x?. Tripling the y-coordinates triples
the slope (Example 3).
0 l 5 » X
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RULE 4 Derivative Sum Rule

[f # and v are differentiable functions of x, then their sum # + v 1s differentiable
at everv point where ¥ and v are both differentiable. At such points,

d _du , dv
dx(u+v)_dx+dx'

EXAMPLE 4 Denvative of a Sum

y =x* + 12«

av d, ., d
de E(X ) -+ E(IZX)

= 4x° + 12

Combining the Sum Rule with the Constant Multiple Rule gives the Difference Rule,
which says that the derivative of a difference of differentiable functions is the difference of
their derivatives.

%(u—v)=%[u+(—l)v] =%+(

_l)dv _du dv
dcx dx dx

The Sum Rule also extends to sums of more than two functions, as long as there are

only finitely many functions in the sum. If u,, uy, ..., u, are differentiable at x, then so 1s
uy +u + -+ + u,,and

du, +@+ +du"
dx dx dx

%(ul +uy+ -+ u,) =

EXAMPLE 5  Denvative of a Polynomial

d
YL, @ (4x2> = %(Sx) + %(1)

dx dx dx \3
=32+ 52— 540
=3x2+§x—5




EXAMPLE 6 Finding Horizontal Tangents

Does the curve y = x* — 2x? + 2 have any horizontal tangents? If so, where?

Solution  The horizontal tangents, if any, occur where the slope dy/dx is zero. We have,

d _d , 4 2 A3
E—E(X — 2x +2)—4x — 4x.

Now solve the equation Ey = () for x:

4x° — 4x = 0
4x(x* — 1) =0
x=0,1,-1.
The curve y = x* — 2x* + 2 has horizontal tangents at x = 0, 1, and —1. The corre-
sponding points on the curve are (0, 2), (1, 1) and (—1, 1). See Figure 4 o
Y y=x*-2x%+2

FIGURE 4 The curve
y = x* — 2x? + 2 and its horizontal

tangents (Example 6). 1 1 > X

Products and Quotients

While the derivative of the sum of two functions is the sum of their derivatives, the deriva-
tive of the product of two functions is not the product of their derivatives. For instance,

d d . d d
a(x-x) = a(xz) = 2x, while a(x)a(x) = f&] =1,

The derivative of a product of two functions 1s the sum of /o products, as we now explain.
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