DEFINITION Parametric Curve

[f x and y are given as functions

x=f(r), y=g(
over an interval of #-values, then the set of points (x, y) = (f(7). g(#)) defined by
these equations i1s a parametric curve. The equations are parametric equations

for the curve.

Parametric Formula for dy /dx

[f all three derivatives exist and dx/dt # 0,
dy dy/dt
dx  dx/dt

EXAMPLE 12  Differentiating with a Parameter
Ifx =2t + 3and y = t* — 1, find the value of dy/dxatt = 6.

Solution  Equation (2) gives dy/dx as a function of ¢:

dy dy/dt 2 = x—3

dx dydt 2 T2 -
When t = 6,dy/dx = 6. Notice that we are also able to find the derivative dy/dx as a
function of x. i

[f parametric equations define y as a twice-differentiable function of x, we can apply
Equation (2) to the function dy/dx = y’ to calculate dzy/dx2 as a function of

dy 4 | ~dy'/dr

"

dx2 - z(}’) - dx/dt

Eq. (2) with v in place of v

Parametric Formula for d %y /dx*
[f the equations x = f(7), v = g(t) define y as a twice-differentiable function of
x, then at any point where dx/dt # 0,

d*y _dy'/dt
dx? - dx/dt .
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EXAMPLE 14  Finding d°y/dx* for a Parametrized Curve

Find dzy/dx2 as a functionof tifx =t — %, y =t — ¢°.

Solution

1. Express y' = dy/dx in terms of t.
_dy dyfdt | — 34

T dx  dxfdt 1 —2t

r

y

2. Differentiate y" with respect to .
d._"':d<l—3rz>:2—6t+6rz
dt dt\ 1 — 2t (1 — 2t)°

3. Divide dy'/dt by dx/dt.

dy dy'fdt (2 —6t+ 6°)/(1 — 2t 2 — 6t + 642

Quotient Rule

dx*  dx/dt 1 — 2t (1 — 21)}
Standard Parametrizations and Derivative Rules
2 y?
CIRCLE x? + y? = a*: ELLIPSE x_2 = = 1:
a b
X = acost X = acost
y = asint y = bsint
0=t=27mw 0 =t¢t=2m
FuncTiION y = f(x): DERIVATIVES
x =1 . dy dy/ds d%y
y = f(0 P T A T axjd ax

~dy'/dt
- dx/dt
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EXERCISES 3.4

Derivative Calculations

In Exercises 1-8, given y = f(u) and u = g(x), find dy/dx =
f(g(x)g'(x).

I.y=6u—9, wu=(1/2x* 2. y=2u’ u=8 —1
3. y=smu, u=3x+1 4. y =cosu, u= —x/3
S. y=cosu, u =sinx 6. vy =s8mmu, u =X — COSX
7. y=tanu, wu = 10x — 35 8. vy = —secu, u= x> + Tx

In Exercises 9-18, write the function in the form y = f(u«) and

u = gl(x). Then find dy/dx as a function of x.
9. y = (2¢ + 1) 10. y = (4 — 3x)°

«\ 7 . -10
1. y = (1 — 7) 12. y = (5— l)

2

l‘ y = L“"'Y—ld 14 y = .'£.+.L5
Y 8§ =~ X 5  5x
15. y = sec(tanx) 16. y = cot (w - %)
17. y = sin’x 18. y = Scos *x

Find the derivatives of the functions in Exercises 19-38.

19. p= V3 —¢ 20. g = V2r — r?
21. s = isin 3t + icosSt
37T S
22. s = sIn (%) + cos (%)
23. r = (csc 8 + coth)”! 24. r = —(secH + tanf)™!
25. y = x?sin*x + xcos?x  26. y = %sin_5 X — %cos3 X

-1
_ _ aY7 _
27. y = 51 (3x —2)" + ( sz)

4
(5 —Zr)—3+%(%+ 1)

\ 7

28. y

29. y=(4x +3)*x+1)2  30. y = (2x — 5)71(x? — 5x)°

7 N
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31. h(x) = xtan (2 \T) + 7 32. k(x) = x? sec (%)

" 2 -1
sin # 1 + cost
33. f(0) = (1 + cosH) 34. g(t) = ( sin ¢ )

35. r = sin(#?) cos(26) 36. r = sec\/# tan (%)

37. ¢ = sin ( ,t_) 38. g = cot(s%t)
Vi+ 1

In Exercises 3948, find dy/dt.

39. y = sin® (7wt — 2) 40. y = sec’ mt

41. y = (1 + cos2)™ 42. y = (1 + cot(#/2))?

43. y = sin(cos(2f — 5)) 44. y

cos (5 sin (%))
(1 + tan’ (ﬁ))B 46. y %(l + cos’ (7))

4sin( V1 + Vi)

N

‘N

-
|

V1 + cos (+%) 48. y

'
~
|

Find y” 1n Exercises 49-52.

3
49. y = (l + %) 50. y = (1 - \,,.f';)—l

51. y = écot(?»x —1) 52. y = 9tan G)

Finding Numerical Values of Derivatives

In Exercises 5358, find the value of (f © g)’ at the given value of x.
3. flu)=w’ + 1, u=gx)=Vx, x=1

l 1
§ a -_— — — — ) — .' e —
5. flu)=1-7, u=g(x) T X 1
55. flu) = cot%, u=g(x)=5vx, x=1
56. f(u) = u + : , u=glx)=mx, x=1/4
cos’ u

2u
2 4+

57. flu) = < u=gkx)=10x*+x+1, x=0

U

2
S8. f(u) = (z; :) u=gkx)=——1, x=—1




