3.6 Indeterminate Forms and L’Hopital’s Rule

John Bernoulli discovered a rule for calculating limits of fractions whose numerators and

denominators both approach zero or +0o<¢. The rule 1s known today as I’Hopital’s Rule,
after Guillaume de 1’"Hopital. He was a French nobleman who wrote the first introductory
differential calculus text, where the rule first appeared in print.

Indeterminate Form 0/0

If the continuous functions f(x) and g(x) are both zero at x = a, then

lim %)
x—a g(x)

cannot be found by substituting x = a. The substitution produces 0/0, a meaningless ex-
pression, which we cannot evaluate. We use 0/0 as a notation for an expression known as
an indeterminate form. Sometimes, but not always, limits that lead to indeterminate

forms may be found by cancellation, rearrangement of terms, or other algebraic manipula-
tions.

we calculate derivatives and which always produces the equivalent of 0/0
when we substitute x = a. L'Hopital’s Rule enables us to draw on our success with deriva-
tives to evaluate limits that otherwise lead to indeterminate forms.

THEOREM L'Hopital's Rule (First Form)

Suppose that f(a) = g(a) = 0, that f'(a) and g'(a) exist, and that g’(a) # 0.
Then

OO
o g()  g(a)

EXAMPLE 1  Using L'Hopital’'s Rule

G 1 3x —xsmx _ 3 - lcosx _ 9
x—0 x=0
1
CVi1i+x—1 2VI1+x 1
(b) \IEPO o - I =10 a 2 .
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Sometimes after differentiation, the new numerator and denominator both equal zero at
x = a,as we see in Example 2. In these cases, we apply a stronger form of 'Hopital’s Rule.

THEOREM L'Hopital's Rule (Stronger Form)

Suppose that f(a) = g(a) = 0, that f and g are differentiable on an open inter-
val I containing a, and that g'(x) # Oon 7/ ifx # a. Then
f(x) f'(x)

Im —— = 1i ”
xl—r::z 2(x) xl—rgz g'(x)

assuming that the limit on the right side exists.

EXAMPLE 2  Applying the Stronger Form of L'Hépital’s Rule

V1+x—1-x/2 0

a) Iim —
(a) x—0 x2 U
C(2)(1 + x)7V2 = 1)2 &
= |lmo I x Stlllr’; differentiate again.
x—
. _(1/4)(l +x)-3/2 | 0
= |im 7 = — g Not ﬁ" [imit 1s found.
x—0
. X — sInx 0
x—0 X 0
. 1 — cosx 0
= lim > Still =
x—0 3x U
. SInx .0
= |lim Still —
—0 bx 0
. COSX | 0 |
_— lm}) 6 — Z Nota; limit 1s found. [
x—

EXAMPLE 3  Incorrectly Applying the Stronger Form of L'Ho6pital’s Rule

.| — cosx 0
lim - =
x—0 x + x°

= |lim sinx __ 0 _ () N t“ limit is found
— = — = ot —: limit is found.
r—0 1 + 2x | 0

Up to now the calculation is correct, but if we continue to differentiate in an attempt to ap-
ply I’'Hopital’s Rule once more, we get
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which i1s wrong. L'Hopital’s Rule can only be applied to limits which give indeterminate
forms, and 0/1 is not an indeterminate form. n

EXAMPLE 4  Using L'Hopital's Rule with One-Sided Limits

. SInx 0
(a) lim = —
xr—0" x“ 0
. COSX _;
— ||m = OC Positive for a 0.
x—0t 2X
. SInx 0
(b) Iim — -
r—0" x° U
. COSX :
= |lim = —0OC Negative for x << 0. B
x—0" 2x

Indeterminate Forms ¢ /o0, © -, ¢ — oC

Sometimes when we try to evaluate a limit as x — a by substituting x = a we get an am-
biguous expression like 0c0/oc, 00«0, or ¢ — o¢, instead of 0/0. We first consider the
form 00 /00,
In more advanced books it 1s proved that I'"Hopital’s Rule applies to the indeterminate
form 00 /00 as well as to 0/0. If f(x) — £00 and g(x) — £ 00 as x — a, then
. fx) L f(x)
[im = lim —
x—*a g(x) x—a & (x)

provided the limit on the right exists. In the notation x — a, @ may be either finite or infi-
nite. Moreover x — @ may be replaced by the one-sided limits x —>a  orx—a".

EXAMPLE 5  Working with the Indeterminate Form oc/ 00

Find
: Sec Xx
(a) xll.?,]/z | + tanx
- 2
@) lim ==

x—o 3x? + Sx
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Solution

(a)

(b)

The numerator and denominator are discontinuous at x = 7/2, so we investigate the
one-sided limits there. To apply I'Hopital’s Rule, we can choose / to be any open in-
terval with x = 7r/2 as an endpoint.

. SCC X C :
lim — from the left
x—(w/2)" | + tanx ~

: secxtanx : .
= |im ; = lim smnx =1
x—>(w/2)” sec x x—(m/2)”

The right-hand limit is 1 also, with (—00)/(—0¢) as the indeterminate form. There-
fore, the two-sided limit 1s equal to 1.

_ 2 — —
im =—2 = fim 2= o fim —4=—%. .

X =00 3x2 + Sx x—>0C 6)( -1- 5 x— 00 6

EXAMPLE 6  Working with the Indeterminate Form oc « 0
Find

. ( . 1)

Il’n; X sin &
Solution

: .
Iim | x sIn N x + ()
x—)'XI

. 1 .
hlm(;+ (f sin A Leth = 1/x.

— 1 m

EXAMPLE 7  Working with the Indeterminate Form o¢c — o<
Find

lim [ —— —
x—o\sinx X/’

Solution Ifx— 07", thensinx— 0" and

I I

sinx X

» OO0 — OC,
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Similarly, if x — 07, then sinx — 0™ and

I I

SIN X

>—oc—(—oo)=—oc+oc,

Neither form reveals what happens in the limit. To find out, we first combine the fractions:

| ]l  x — sinx |
= Common denominator 1S x Sin x

SIN X X Xsinx

Then apply I’Hopital’s Rule to the result:

: | ] . X — sInx 0
Iim | — = lim . -
x—0\SIn X - y—0 XSInX 0

1 | — cosx 0
= |im — Still 2
r—0 SINX + XCOSX 0

lim smx__ _9_ .
r—0 2COSX — XSInXx 2 '
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EXERCISES 3.6

Finding Limits
In Exercises 1-6, use I'Hopital’s Rule to evaluate the limit. Then eval-
uate the limit using a method studied in Chapter 2.

. o ox =2 . sin Sx
1. Iim > 2. lm =
x—2x“ — 4 x—0
. 5x? — 3x . x? -1
3. lim ; 4. Iim 3
x—00 Ty* 4+ 1 x=*14x” — x— 3
. 1 — cosx : 2x? + 3x
S. lm = 6. lim —
x—0 x* x—=0xy’ 4+ x + 1

Applying l'Hopital's Rule

Use I’Hopital’s Rule to find the limits in Exercises 7-26.

SV .
. sint . 2x — T
- b Jim, “eos
. sin . | — sinx
< ”lir’r; T — 6 10. xll,?:/z 1 + cos2x
(1. lim SINX — COSX 12, lim SOSX — 0.5
. x—7f4 X — 7/4 . x—=wf3 X — 77'/3
13. lim - (x - E)tanx 14, lim —=
x—(m/2) 2 x—0 x + 7\‘,
2x2 — (3x + 1)Vx + 2 /x2 + 5 —
15. lim LohdIhi. 5 g2
x—| X — l x—2 xz — 4
 Vala +x) —a ~ 10(sint — 1)
17. Iim - . a>0 18. Iim -
x—0 ’ t—0 {
~ x(cosx — 1) ~ sml(a + h) — smna
19. Iim — 20. lim
x—0 SINnx — X h—0 h
Coalr" — 1) L
21. Iim , napositive integer
r—1\ y = l
22. lim, (% - L,_) 23. lim (x — Vx? + x)
x—0" \’ \ x x—>0C
24. lim xtan— 28, fim —X—2
X—>0C X x—+00 2x2 — x + 2
26. lim 2B
x—0 tan 1 1x
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