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Chapter three 
The natural logarithm and exponential 

Function and L′ Hopital Rule  

1- The natural logarithmic Function  دالة
 اللوغارتم الطبيعي

The natural logarithm denoted by   𝐥𝐧(𝒙) 

:  𝐥𝐧(𝒙)Properties of  

1- 𝐷𝑓 = ሼ𝑥: 𝑥 > 0ሽ = 𝑅+/{0} 

2- 𝑅𝑓 = ൛−∞ < 𝑦 > 0ሽ = 𝑅ൟ 

3-ln(1) = 0 

4-ln(𝑒) = 1       where e=2.7182 

5- ln(a. b) = ln(a) + ln (b) 

6-ln ቀ
𝑎

𝑏
ቁ = ln(𝑎) − ln (𝑏) 

7-ln 𝑎𝑟 = 𝑟𝑙𝑛(𝑎)        𝑟 ∈ 𝑅  ,     𝑎 ∈ 𝑅+ 

8- ln ቀ
1

𝑥
ቁ = − ln 𝑥  

9-ln (𝑥) > 0  if 𝑥 > 0                                 
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 10- ln(𝑥) < 0  if 𝑥 < 0 

11- lim
𝑥 →0

ln 𝑥 =  −∞  

12- lim
𝑥 →∞

ln 𝑥 =  ∞ 

𝐥𝐧 𝒙of The graph  

1- 𝑦 = ln 𝑥                                                                                

𝐷𝑦 = 𝑅+           , 𝑅𝑦 = 𝑅      ⇒             

2- ln 1 =     نقطة التقاطع      (0,1)                                                               0

3- lim
𝑥 →0

ln 𝑥 =  −∞ 

4- lim
𝑥 →∞

ln 𝑥 =  ∞ 

𝐥𝐧 𝒙Derivative of  

 

Or  

 𝑦 = ln 𝑢        where u is function 

 

Example:  

1-   let 𝑦 = ln 𝑥2 ⇒ 𝑦′ =
1

𝑥2  (2𝑥) =
2

𝑥
 

2-   let 𝑦 = ln(sin 𝑥) ⇒ 𝑦′ =
1

sin 𝑥
 (cos 𝑥) = cot 𝑥 

3- let 𝑦 = [ln(𝑥2 + 2)]5 ⇒ 𝑦′ = 5 [ln(𝑥2 + 2)]4 (
1

𝑥2+2
)(2𝑥) 

           y = ln 𝑥   →  𝑦′  =  
1

𝑥
  . 1 

 

𝑦′ =
1

𝑢
 . 𝑑𝑢 
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4- let 𝑦 = ln(𝑥2 + 3𝑥 + 1)  

𝑦′ =
1

(𝑥2 + 3𝑥 + 1)
(2𝑥 + 3)  

5-𝑦 = 𝑙𝑛 (
𝑥2+1

𝑥
) 

𝑙𝑛 ቀ
𝑎

𝑏
ቁ = 𝑙𝑛(𝑎) − 𝑙𝑛(𝑏) 

∴ 𝑦 = 𝑙𝑛(𝑥2 + 1) − 𝑙𝑛(𝑥) 

𝑦′ =
2𝑥

𝑥2 + 1
−

1

𝑥
 

 

2- The exponential Function     الدالة الأسية 

 

 

  𝐞𝐱𝐩(𝒙)Properties of  

1- 𝑦 = 𝑒𝑥 ⇒     𝑥 = ln 𝑦     

2- 𝐷𝑦 = 𝑅       , 𝑅𝑦 = 𝑅+ 

3- 𝑒0 = 1 

4- 𝑒𝑎. 𝑒𝑏 = 𝑒𝑎+𝑏  

5- 𝑒
𝑎

𝑒𝑏 = 𝑒𝑎−𝑏  

6-(𝑒𝑎)𝑟 = 𝑒𝑎𝑟  

هي معكوس دالة اللوغاريتم الطبيعي ويرمز 

  𝑒𝑥exp orلها بالرمز 
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7- 𝑒−𝑎 =
1

𝑒𝑎  

8- ln 𝑒𝑥 = 𝑥                         ∀ 𝑥 > 0 

9- lim
𝑥 →∞

𝑒𝑥 =  𝑒∞ = ∞ 

10- lim
𝑥 →−∞

𝑒𝑥 = 𝑒−∞ =
1

𝑒∞ =
1

∞
= 0 

 

    𝒆𝒙:of The graph 

1- 𝑦 = 𝑒𝑥                                                                                

𝐷𝑦 = 𝑅           , 𝑅𝑦 = 𝑅+      ⇒             

2- 𝑒0 =                                                                                                                              نقطة التقاطع     (1,0)                1

3- lim
𝑥 →∞

𝑒𝑥 =  𝑒∞ = ∞ 

4- lim
𝑥 →−∞

𝑒𝑥 =  𝑒−∞ =
1

𝑒∞ =
1

∞
= 0 

 

    𝒆𝒙:Derivative of 

Let 𝑦 = 𝑒𝑥    ⇒ 𝑦′ = 𝑒𝑥 . 1   

Or  

If 𝑦 = 𝑒𝑢     where u is a function, then  

𝑦′ = 𝑒𝑢 . 𝑑𝑢 

Example: 
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Find 𝑦′ of the following function  

1- 𝑦 = 𝑒tan 𝑥 ⇒ 𝑦′ = 𝑒tan 𝑥 . ൫𝑠𝑒𝑐2 𝑥൯. 1 

2- 𝑦 = 𝑒𝑥2+sin 𝑥 ⇒ 𝑦′ = 𝑒𝑥2+𝑠𝑖𝑛𝑥 . (2𝑥 + cos 𝑥)  

3-𝑦 = sin(𝑒𝑥2

) ⇒ 𝑦′ = cos൫𝑒𝑥2
൯[𝑒𝑥2

(2𝑥)] 

= (2𝑥)൫𝑒𝑥 ൯
2

. [cos(𝑒𝑥2
)] 

Example: 

Find     𝑦ư   𝑦″   𝑦‴ of 𝑦 = 𝑒𝑥+1 and  𝑦‴(−1)    

Sol: 

𝑦ư = 𝑒𝑥+1 . (1) = 𝑒𝑥+1 

   𝑦″ = 𝑒𝑥+1(1) =  𝑒𝑥+1   

𝑦‴ = 𝑒𝑥+1(1) =  𝑒𝑥+1  , 𝑦‴(−1) =  𝑒−1+1 =   𝑒0 = 1 

H.w  

find 𝑦ư    for each the following function  

1- 𝑦 = sin (ln 𝑥)  

2- 𝑦 = cos(𝑒𝑥)  

3- 𝑦 =
𝑒𝑥

sin 𝑥  +  1
  

4- 𝑦 =
sin 𝑥 +sec 𝑥

ln 𝑥
 

5- 𝑦 = 𝑒tan 𝑥 +√𝑥    
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6- 𝑦 = 𝑒sin 𝑥 +ln 𝑥  

7-𝑦 = 𝑙𝑛൫√𝑥2 + 1൯ 

8-𝑦 = 𝑙𝑛൫𝑒𝑥2
+ 1൯ 

9-𝑦 = 𝑙𝑛(𝑥2𝑠𝑖𝑛𝑥) 

10- 𝑦 = 𝑙𝑛൫𝑙𝑛(𝑥)൯ 

11- 𝑦 =
𝑒𝑥

𝑥
 

 


