
Non-homogeneous linear differential equation with constant 

coefficient 

Short method for finding particular integral (undetermined 

coefficient) 

let 𝐿(𝐷) = 𝑓(𝑥) then  

𝑓(𝑥) 𝑦𝑝 

1- 𝑎𝑒𝑏𝑥 𝐴𝑒𝑏𝑥 

2- acos(𝑏𝑥)  𝑜𝑟  asin (𝑏𝑥) Acos(𝑏𝑥) + Bsin (𝑏𝑥) 

3- 𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + ⋯ + 𝑎0 𝐴𝑥𝑛 + 𝐵𝑥𝑛−1 + ⋯ + 𝐶 

4- 𝑒𝑎𝑥 cos 𝑏𝑥  𝑜𝑟 𝑒𝑎𝑥 sin 𝑏𝑥 𝑒𝑎𝑥(A cos 𝑏𝑥 + 𝐵 sin 𝑏𝑥) 

5- 𝑒𝑎𝑥(𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + ⋯ + 𝑎0) 𝑒𝑎𝑥(𝐴𝑥𝑛 + 𝐵𝑥𝑛−1 + ⋯ + 𝐶) 

 

Note: - for repeat term (root) multiply by 𝑥 . 

 

Examples: find the general solution of the ODE 

1- (𝐷3 − 3𝐷2 + 3𝐷 − 1)𝑦 = 4𝑥3 − 2𝑥 − 4 

(𝐷3 − 3𝐷2 + 3𝐷 − 1)𝑦 = 0  

The characteristic equation is 

𝑚3 − 3𝑚2 + 3𝑚 − 1 = 0  

𝑚1 = 1  →   𝑚 − 1 = 0  

(𝑚2 − 2𝑚 + 1) = 0  

(𝑚 − 1)(𝑚 − 1) = 0  

𝑚2 = 1  , 𝑚3 = 1    

𝑦𝑐 = 𝑐1𝑒𝑚1𝑥 + 𝑐2𝑥𝑒𝑚2𝑥 + 𝑐3𝑥2𝑒𝑚3𝑥  

𝑦𝑐 = 𝑐1𝑒𝑥 + 𝑐2𝑥𝑒𝑥 + 𝑐3𝑥2𝑒𝑥  

𝑦1 = 1,    𝑦2 = 𝑥𝑒𝑥 ,    𝑦3 = 𝑥2𝑒𝑥  



To find  𝑦𝑝   →  𝑓(𝑥) = 4𝑥3 − 2𝑥 − 4  

𝑦𝑝 = 𝐴𝑥3 + 𝐵𝑥2 + 𝐶𝑥 + 𝐷  

𝑦𝑝
′ = 3𝐴𝑥2 + 2𝐵𝑥 + 𝐶  

𝑦𝑝
′′ = 6𝐴𝑥 + 2𝐵  

𝑦𝑝
′′′ = 6𝐴  

6𝐴 − 3(6𝐴𝑥 + 2𝐵) + 3(3𝐴𝑥2 + 2𝐵𝑥 + 𝐶) − (𝐴𝑥3 + 𝐵𝑥2 +

𝐶𝑥 + 𝐷) = 4𝑥3 − 2𝑥 − 4  

 6𝐴 − 18𝐴𝑥 − 6𝐵 + 9𝐴𝑥2 + 6𝐵𝑥 + 3𝐶 − 𝐴𝑥3 − 𝐵𝑥2 − 𝐶𝑥 −

𝐷 = 4𝑥3 − 2𝑥 − 4  

−𝐴 = 4                                   →   𝐴 = −4  

 9𝐴 − 𝐵 = 0                          →   𝐵 = −36 

−18𝐴 + 6𝐵 − 𝐶 = −2       →   𝐶 = −142  

6𝐴 − 6𝐵 + 3𝐶 + 𝐷 = −4  →   𝐷 = −662  

𝑦𝑝 = −4𝑥3 − 36𝑥2 − 142𝑥 − 662  

the general solution   𝑦 = 𝑦𝑐 + 𝑦𝑝  

𝑦 = 𝑐1𝑒𝑥 + 𝑐2𝑥𝑒𝑥 + 𝑐3𝑥2𝑒𝑥 − 4𝑥3 − 36𝑥2 − 142𝑥 − 662  

 

2- (𝐷4 − 9)𝑦 = 3𝑒𝑥 

(𝐷4 − 9)𝑦 = 0  

The characteristic equation is 

𝑚4 − 9 = 0  

(𝑚2 − 3)(𝑚2 + 3) = 0  

𝑚1,2 = ∓√3, 𝑚3,4 = ∓√3𝑖  

 𝑦𝑐 = 𝑐1𝑒𝑚1𝑥 + 𝑐2𝑒𝑚2𝑥 + 𝑒𝑎𝑥(𝑐3 cos 𝑏𝑥 + 𝑐4 sin 𝑏𝑥)  

𝑦𝑐 = 𝑐1𝑒√3𝑥 + 𝑐2𝑒−√3𝑥 + 𝑐3 cos √3𝑥 + 𝑐4 sin √3𝑥  

𝑦1 = 𝑒√3𝑥 ,    𝑦2 = 𝑥𝑒−√3𝑥  , 𝑦3 = cos √3𝑥 ,    𝑦4 = sin √3𝑥  

 

To find  𝑦𝑝   →  𝑓(𝑥) = 3𝑒𝑥  



𝑦𝑝 = 𝐴𝑒𝑥 ,  𝑦𝑝
′ = 𝐴𝑒𝑥  ,  𝑦𝑝

′′ = 𝐴𝑒𝑥 ,  𝑦𝑝
′′′ = 𝐴𝑒𝑥 ,  𝑦𝑝

′′′′ = 𝐴𝑒𝑥  

𝐴𝑒𝑥 − 9𝐴𝑒𝑥 = 3𝑒𝑥   →  −8𝐴𝑒𝑥 = 3𝑒𝑥    → 𝐴 =
−3

8
  

𝑦𝑝 =
−3

8
𝑒𝑥  

the general solution   𝑦 = 𝑦𝑐 + 𝑦𝑝 

𝑦 = 𝑐1𝑒√3𝑥 + 𝑐2𝑒−√3𝑥 + 𝑐3 cos √3𝑥 + 𝑐4 sin √3𝑥 −
3

8
𝑒𝑥  

 

3- (𝐷2 + 2𝐷 + 2)𝑦 = sin 𝑥  

(𝐷2 + 2𝐷 + 2)𝑦 = 0  

The characteristic equation is 

𝑚2 + 2𝑚 + 2 = 0  

𝑚1,2 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
   →          𝑚1,2 =

−2±√4−8

2
  

𝑚1,2 =
−2±√−4

2
          →            𝑚1,2 =

−2±2𝑖

2
  

𝑚1,2 = −1 ± 𝑖      𝑚1 = −1 + 𝑖   ,   𝑚2 = −1 − 𝑖   

𝑦𝑐 = 𝑒𝑎𝑥(𝑐1 cos 𝑏𝑥 + 𝑐2 sin 𝑏𝑥)  

𝑦𝑐 = 𝑒−𝑥(𝑐1 cos 𝑥 + 𝑐2 sin 𝑥)  

𝑦1 = 𝑒−𝑥𝑐1 cos 𝑥    ,    𝑦2 = 𝑒−𝑥𝑐2 sin 𝑥   

 

To find  𝑦𝑝   →  𝑓(𝑥) = sin 𝑥  

𝑦𝑝 = A cos 𝑥 + 𝐵 sin 𝑥  

𝑦𝑝
′ = −A sin 𝑥 +𝐵 cos 𝑥  

𝑦𝑝
′′ = −A cos 𝑥 − 𝐵 sin 𝑥  

−A cos 𝑥 − 𝐵 sin 𝑥 + 2(−A sin 𝑥 +𝐵 cos 𝑥) + 2(A cos 𝑥 +

𝐵 sin 𝑥) = sin 𝑥   

−A cos 𝑥 − 𝐵 sin 𝑥 − 2A sin 𝑥 +2𝐵 cos 𝑥 + 2A cos 𝑥 + 2𝐵 sin 𝑥 =

sin 𝑥  

−𝐴 + 2𝐵 + 2𝐴 = 0  →  𝐴 + 2𝐵 = 0 … … … (1)   

−𝐵 − 2𝐴 + 2𝐵 = 1 →  −2𝐴 + 𝐵 = 1 … … . (2)  



𝐴 =
−2

5
  , 𝐵 =

1

5
  

𝑦𝑝 =
−2

5
cos 𝑥 +

1

5
sin 𝑥  

the general solution   𝑦 = 𝑦𝑐 + 𝑦𝑝 

𝑦 = 𝑒−𝑥(𝑐1 cos 𝑥 + 𝑐2 sin 𝑥) −
2

5
cos 𝑥 +

1

5
sin 𝑥  

 

4- (𝐷3 − 𝐷2 − 𝐷 + 1)𝑦 = 𝑥2 + 𝑥 + 3𝑒−𝑥 − 2 cos 2𝑥  

(𝐷3 − 𝐷2 − 𝐷 + 1)𝑦 = 0  

The characteristic equation is 

𝑚3 − 𝑚2 − 𝑚 + 1 = 0  

𝑚1 = 1  →   𝑚 − 1 = 0  

(𝑚2 − 1) = 0  

𝑚2 = 1  , 𝑚3 = −1     

𝑦𝑐 = 𝑐1𝑒𝑚1𝑥 + 𝑐2𝑥𝑒𝑚2𝑥 + 𝑐3𝑒𝑚3𝑥  

𝑦𝑐 = 𝑐1𝑒𝑥 + 𝑐2𝑥𝑒𝑥 + 𝑐3𝑒−𝑥  

𝑦1 = 𝑒𝑥 ,    𝑦2 = 𝑥𝑒𝑥 ,    𝑦3 = 𝑒−𝑥  

 

To find  𝑦𝑝   →  𝑓(𝑥) = 𝑥2 + 𝑥 + 3𝑒−𝑥 − 2 cos 2𝑥  

𝑓1(𝑥) = 𝑥2 + 𝑥  → 𝑦𝑝1 = 𝐴𝑥2 + 𝐵𝑥 + 𝐶  

𝑦𝑝1
′ = 2𝐴𝑥 + 𝐵   →   𝑦𝑝1

′′ = 2𝐴  →    𝑦𝑝1
′′′ = 0    

0 − 2𝐴 − 2𝐴𝑥 − 𝐵 + 𝐴𝑥2 + 𝐵𝑥 + 𝐶 = 𝑥2 + 𝑥      

𝐴 = 1  →  −2𝐴 + 𝐵 = 1  → 𝐵 = 3  

−2𝐴 − 𝐵 + 𝐶 = 0  → 𝐶 = 5  

𝑦𝑝1 = 𝑥2 + 3𝑥 + 5  

 

𝑓2(𝑥) = 3𝑒−𝑥   → 𝑦𝑝2 = 𝐴𝑥𝑒−𝑥  

𝑦𝑝2
′ = −𝐴𝑥𝑒−𝑥 + 𝐴𝑒−𝑥  

𝑦𝑝2
′′ = 𝐴𝑥𝑒−𝑥 − 𝐴𝑒−𝑥 −  𝐴𝑒−𝑥       →  𝑦𝑝2

′′ = 𝐴𝑥𝑒−𝑥 − 2𝐴𝑒−𝑥     



𝑦𝑝1
′′′ = −𝐴𝑥𝑒−𝑥 + 𝐴𝑒−𝑥 + 2𝐴𝑒−𝑥  → 𝑦𝑝1

′′′ = −𝐴𝑥𝑒−𝑥 + 3𝐴𝑒−𝑥    

−𝐴𝑥𝑒−𝑥 + 3𝐴𝑒−𝑥 − 𝐴𝑥𝑒−𝑥 + 2𝐴𝑒−𝑥 + 𝐴𝑥𝑒−𝑥 − 𝐴𝑒−𝑥 +

𝐴𝑥𝑒−𝑥 = 3𝑒−𝑥  

4𝐴 = 3 → 𝐴 =
3

4
 →  𝑦𝑝2 =

3

4
𝑥𝑒−𝑥  

 

𝑓3(𝑥) = −2 cos 2𝑥   → 𝑦𝑝3 = A cos 2𝑥 + 𝐵 sin 2𝑥  

𝑦𝑝3
′ = −2A sin 𝑥 +2𝐵 cos 𝑥  

𝑦𝑝3
′′ = −4A cos 2𝑥 − 4𝐵 sin 2𝑥  

𝑦𝑝3
′′′ = 8A sin 𝑥 −8𝐵 cos 𝑥  

8A sin 𝑥 −8𝐵 cos 𝑥 + 4A cos 2𝑥 + 4𝐵 sin 2𝑥 +

2A sin 𝑥 −2𝐵 cos 𝑥 + A cos 2𝑥 + 𝐵 sin 2𝑥   

−8𝐵 + 4𝐴 − 2𝐵 + 𝐴 = −2  →   5𝐴 − 10𝐵 = −2 … … (1)  

8𝐴 + 4𝐵 + 2𝐴 + 𝐵                 →   10𝐴 + 5𝐵 = 0 … … … (2)  

𝐴 =
−2

15
   ,   𝐵 =

4

15
  →  𝑦𝑝3 =

−2

15
cos 2𝑥 +

4

15
 sin 2𝑥   

the general solution   𝑦 = 𝑦𝑐 + 𝑦𝑝1 + 𝑦𝑝2 + 𝑦𝑝3 

𝑦 = 𝑐1𝑒𝑥 + 𝑐2𝑥𝑒𝑥 + 𝑐3𝑒−𝑥+𝑥2 + 3𝑥 + 5 +
3

4
𝑥𝑒−𝑥 −

2

15
cos 2𝑥 +

4

15
 sin 2𝑥  

 

5- (𝐷2 + 5𝐷)𝑦 = (𝑥 − 1)𝑒𝑥  

(𝐷2 + 5𝐷)𝑦 = 0  

The characteristic equation is 

𝑚2 + 5𝑚 = 0  

𝑚(𝑚 + 5) = 0  

𝑚1 = 0  , 𝑚2 = −5  ,  

𝑦𝑐 = 𝑐1𝑒𝑚1𝑥 + 𝑐2𝑒𝑚2𝑥  

𝑦𝑐 = 𝑐1𝑒0𝑥 + 𝑐2𝑒−5𝑥  

𝑦1 = 1  ,    𝑦2 = 𝑒−5𝑥  



To find  𝑦𝑝   →  𝑓(𝑥) = (𝑥 − 1)𝑒𝑥 = 𝑥𝑒𝑥 − 𝑒𝑥  

𝑦𝑝 = 𝐴𝑥𝑒𝑥 + 𝐵𝑒𝑥  →  𝑦𝑝
′ =  𝐴𝑥𝑒𝑥 + 𝐴𝑒𝑥 +  𝐵𝑒𝑥  

𝑦𝑝
′′ =  𝐴𝑥𝑒𝑥 + 𝐴𝑒𝑥 + 𝐴𝑒𝑥 +  𝐵𝑒𝑥 → 𝑦𝑝

′′ =  𝐴𝑥𝑒𝑥 + 2𝐴𝑒𝑥 +  𝐵𝑒𝑥   

𝐴𝑥𝑒𝑥 + 2𝐴𝑒𝑥 +  𝐵𝑒𝑥 + 5𝐴𝑥𝑒𝑥 + 5𝐴𝑒𝑥 + 5𝐵𝑒𝑥 = 𝑥𝑒𝑥 − 𝑒𝑥  

6𝐴 = 1 →   𝐴 =
1

6
  

7𝐴 + 6𝐵 = −1  →   𝐵 =
−13

36
  

𝑦𝑝 =
1

6
𝑥𝑒𝑥 −

13

36
𝑒𝑥  

the general solution   𝑦 = 𝑦𝑐 + 𝑦𝑝  

𝑦 = 𝑐1 + 𝑐2𝑒−5𝑥 +
1

6
𝑥𝑒𝑥 −

13

36
𝑒𝑥  

 

Method of variation of parameterizes 

Examples: find the general solution of the ODE 

1- (𝐷2 + 1)𝑦 = sec 𝑥  

(𝐷2 + 1)𝑦 = 0  

The characteristic equation is 

𝑚2 + 1 = 0  

𝑚1,2 = ∓𝑖  

 𝑦𝑐 = 𝑒𝑎𝑥(𝑐1 cos 𝑏𝑥 + 𝑐2 sin 𝑏𝑥)  

𝑦𝑐 = 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥  

 𝑦1 = cos 𝑥 ,    𝑦2 = sin 𝑥  

 

To find  𝑦𝑝   →  𝑓(𝑥) = sec 𝑥 

𝑦𝑝 = 𝑁1𝑦1 + 𝑁2𝑦2  

𝑤(𝑦1, 𝑦2) = |
𝑦1 𝑦2

𝑦1
′ 𝑦2

′ | = |
cos 𝑥 sin 𝑥

− sin 𝑥 cos 𝑥
| = cos2 𝑥 + sin2 𝑥 = 1  

𝑁1 = − ∫
𝑦2 .𝑓(𝑥)

𝑤
= − ∫

sin 𝑥.sec 𝑥

1
= − ∫

sin 𝑥

cos 𝑥
= 𝑙𝑛|cos 𝑥|  



𝑁2 = ∫
𝑦1.𝑓(𝑥)

𝑤
= ∫

cos 𝑥.sec 𝑥

1
= − ∫

cos 𝑥

cos 𝑥
= 𝑥  

𝑦𝑝 = cos 𝑥 𝑙𝑛|cos 𝑥|  + 𝑥 sin 𝑥  

the general solution   𝑦 = 𝑦𝑐 + 𝑦𝑝  

𝑦 = 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥 + cos 𝑥 𝑙𝑛|cos 𝑥|  + 𝑥 sin 𝑥   

 

2- (𝐷2 − 6𝐷 + 9)𝑦 =
𝑒3𝑥

𝑥2   

(𝐷2 − 6𝐷 + 9)𝑦 = 0  

The characteristic equation is 

𝑚2 − 6𝑚 + 9 = 0  

(𝑚 − 3)(𝑚 − 3) = 0  

𝑚1 = 3  , 𝑚2 = 3     

𝑦𝑐 = 𝑐1𝑒𝑚1𝑥 + 𝑐2𝑥𝑒𝑚2𝑥  

𝑦𝑐 = 𝑐1𝑒3𝑥 + 𝑐2𝑥𝑒3𝑥  

𝑦1 = 𝑒3𝑥 ,    𝑦2 = 𝑥𝑒3𝑥  

 

To find  𝑦𝑝   →  𝑓(𝑥) =
𝑒3𝑥

𝑥2  

𝑦𝑝 = 𝑁1𝑦1 + 𝑁2𝑦2  

𝑤(𝑦1, 𝑦2) = |
𝑦1 𝑦2

𝑦1
′ 𝑦2

′ | = | 𝑒3𝑥 𝑥𝑒3𝑥

3𝑒3𝑥 3𝑥𝑒3𝑥 + 𝑒3𝑥|  

= 3𝑥𝑒6𝑥 + 𝑒6𝑥 − 3𝑥𝑒6𝑥 = 𝑒6𝑥  

𝑁1 = − ∫
𝑦2 .𝑓(𝑥)

𝑤
= − ∫

𝑥𝑒3𝑥 .
𝑒3𝑥

𝑥2

𝑒6𝑥 = ∫
1

𝑥
= −𝑙𝑛|𝑥|  

𝑁2 = ∫
𝑦1.𝑓(𝑥)

𝑤
= ∫

𝑒3𝑥 .
𝑒3𝑥

𝑥2

𝑒6𝑥 = ∫
1

𝑥2 = −
1

𝑥
  

𝑦𝑝 = −𝑒3𝑥𝑙𝑛|𝑥| − 𝑒3𝑥  

the general solution   𝑦 = 𝑦𝑐 + 𝑦𝑝  

𝑦 = 𝑐1𝑒3𝑥 + 𝑐2𝑥𝑒3𝑥 − 𝑒3𝑥𝑙𝑛|𝑥| − 𝑒3𝑥  

 



H.W. Find the general solution of the differential equation  

1-- (𝐷2 + 2𝐷 − 3)𝑦 = (𝑥 + 1)2𝑒𝑥2
  

2-- (𝐷2 + 𝐷 − 2)𝑦 = 3𝑒−𝑥 + 1 

3-- (𝐷2 + 4𝐷 + 4)𝑦 = 𝑥2 − 𝑒−2𝑥          

4-- (𝐷2 − 2𝐷 + 1)𝑦 =
𝑒𝑥

(1−𝑥)2 

5-- (𝐷2 − 2𝐷 + 2)𝑦 = sin 𝑥 + 3 cos 𝑥 

6-- (𝐷2 − 2𝐷 + 2)𝑦 = 𝑥(sin 𝑥 + 1) 

7-- (𝐷2 − 4𝐷 + 4)𝑦 = 𝑥2ln (𝑥) 

8-- (𝐷3 − 5𝐷2 − 7𝐷 − 1)𝑦 = 𝑒−3𝑥 cosh 𝑥 

9-- (𝐷3 − 3𝐷2 + 4)𝑦 = 2 − 3𝑥 + 𝑥2 

10-- (𝐷3 + 2𝐷2 + 𝐷)𝑦 = 3𝑒−𝑥 − 2𝑥2 − 𝑥 + 4 sin 3𝑥 

11-- (𝐷3 − 3𝐷 − 2)𝑦 = 𝑒𝑥 cos 𝑥 

12-- (2𝐷 + 1)2𝑦 = 4𝑒
−𝑥

2  

13-- (𝐷4 + 3𝐷2 − 4)𝑦 = (𝑒2𝑥 + 3)2 

14-- (𝐷3 − 4𝐷2 + 2𝐷 − 8)𝑦 = 𝑒𝑥(cos 2𝑥 + 𝑥2) − 6 

15-- (4𝐷3 + 16𝐷2 + 21𝐷 + 9)𝑦 = cosh 2𝑥 

16-- (𝐷2 − 13𝐷 − 12)𝑦 = tan 5𝑥 

17-- (9𝐷2 − 12𝐷 + 4)𝑦 = 𝑒
−𝑥

4 + 𝑒−𝑥 + √2𝑥 + 1 

18--(𝐷3 + 6𝐷2 + 3𝐷 − 10)𝑦 = (4 − 𝑥2)2 

 

 


