Non-homogeneous linear differential equation with constant

coefficient

Short method for finding particular integral (undetermined

coefficient)
let L(D) = f(x) then
f(x) Vp
1- aeb* AeP*

2- acos(bx) or asin (bx)

Acos(bx) + Bsin (bx)

3- apx™ + a1 x" 1+ 4 aq

Ax™ + Bx™" 1 4+ -+ C

4- e2* cos bx or e** sin bx

e (A cos bx + B sin bx)

5- e (ayx™ + a1 x™ 1+ -+ ay)

e (Ax™ + Bx" 1 + .-+ ()

Note: - for repeat term (root) multiply by x .

Examples: find the general solution of the ODE

1- (D3 —=3D?+3D— 1)y =4x3 —2x — 4

(D3 —-3D?+3D—-1)y=0
The characteristic equation is
m3—-3m2+3m—-1=0
m=1 -> m—-1=0
(m?-2m+1)=0
(m—1)(m—-1)=0
m,=1, mg=1

Yo = cpe™* + c,xe™2¥ + cyx2e™sX

Y. = cre* + cyxe* + cyxle*

— — X — 2 ,X
yi=1 y,=xe", y3=x"e




To find y, — f(x) =4x> —2x —4

yp = Ax* + Bx* + Cx + D

yp = 3Ax* + 2Bx + C

yp = 6Ax + 2B

Ny

6A — 3(6Ax + 2B) + 3(34x% + 2Bx + C) — (Ax3 + Bx? +
Cx+D) =4x3—2x—4

64 — 184x — 6B + 94x? + 6Bx + 3C — Ax3 — Bx? — Cx —
D=4x3—-2x—4

—A=4 - A=-4

9A—-B =0 - B =-36

—184A+ 6B —C = -2 - C=-142
6A—6B+3C+D=—-—4 - D=-—662

Vp = —4x3 —36x% — 142x — 662

the general solution y =y, +y,

y = cie* + cyxe* + c3x?e* — 4x3 — 36x% — 142x — 662

(D* —9)y = 3e*

(D* -9y =0

The characteristic equation is

m*—9=0

(m? —=3)(m?+3)=0

my o = V3, M3y = F+/3i

Yo = c;e™* + c,e™2%* 4+ e (c5 cos bx + ¢, sin bx)

Ve = cle‘/§x + cze_\/gx + c3 cos V3x + ¢, sin/3x

y, =eV3¥, y, = xe V3x ys = cosv3x, y, =sinv3x

To find y, — f(x) =3e*



yp = Ae* |, y, = Ae* | y, =Ae*, y)' = Ae*, y,"" = Ae*
Ae* —9Ae* = 3e* - —BAe*=3¢* A==
Yp = ;ex

the general solution y =y, +y,
y = Cle\/gx + Cze_\/§x + C3 COS \/gx + Cy sin \/§x _zex

(D? + 2D + 2)y = sinx
(D2 +2D+2)y=0

The characteristic equation is
m2+2m+2=0

__ —b+Vb2-4ac _ —2++4-8
my, = 2 - my = 5

_ —24y/-4 =242
my, = 5 - my, = 5
m,=—-1xi m=-14+i, my=-1-—1

Y. = e (cq cos bx + ¢, sin bx)
y. = e *(cy cos x + ¢, sin x)
y, =e*cycosx , y,=e *c,sinx

To find y, — f(x) =sinx
Yp = Acosx + Bsinx

!/

Yp = —Asinx +B cosx

Yp = —Acosx — Bsinx

—Acosx —Bsinx + 2(—Asinx +B cosx) + 2(A cos x +
Bsinx) = sinx

—Acosx —Bsinx —2Asinx+2B cosx + 2Acosx + 2B sinx =
sin x

—A+2B+24=0 - A+2B=0...... (1D
—B—2A+2B=1—> —2A+B=1.....(2)



A== p=2
5 5

—2 1.
Yp = 5 COSX +Esmx
the general solution y =y, +y,

_ . 2 1,
y = e *(c; cos x + ¢, sin x) —Zcosx +-sinx

(D3—-D?*—-D+1)y=x*+x+3e ¥ —2cos2x
(D3 —-D2-D+1)y=0

The characteristic equation is
m3i—-m?-m+1=0

m=1-> m—-—1=0

(m?-1)=0

m,=1, myg=-—1

Yo = cie™* + coxe™2* 4 cze™3*

Y. = c1e* + coxe* + cze™™
y1 =e%, y,=xe*, y;=e7*

To find y, — f(x) =x*+x+43e™™ —2cos2x
i) =x*+x >y, =Ax*+Bx+C

Vp1 =2Ax+B - y;; =24 > y;;=0
0—24—2Ax—B+Ax> +Bx+C =x*+«x
A=1 - -2A+B=1 -B=3
—2A—-B+C=0 -C=5

Yp1 = X% +3x+5

>(x) =3e™* -y, =Axe™
P
Vp2 = —Axe™ + Ae™

Vp2 = Axe™ —Ae ™™ — Ae™* - yj, = Axe ™ —24e™*



Vp1 = —Axe™ + Ae™ + 24e™* -y, = —Axe™* + 34e™*
—Axe ™ + 34e™* — Axe ™ + 24e ¥ + Axe ™* — Ade ™ +
Axe™ = 3e™*

3 3 _
44 =3 —>A=Z—>yp2=2xe x

fz(x) = —2cos2x - Yp3 = Acos2x + B sin 2x
Yp3 = —2Asinx +2B cos x

Yp3 = —4A cos 2x — 4B sin 2x

Yp3 = 8Asinx —8B cos x

8Asinx —8B cos x + 4A cos 2x + 4B sin 2x +

2Asinx —2B cos x + Acos 2x + B sin 2x
—8B+4A—-2B+A=-2 - 5A—10B=-2..... (D

8A+4B +2A+ B - 10A+5B =0...... (2)
-2 4 -2 4
A_1_5 , B_1_5 —>yp3—Ec052x+1—551n2x

the general solution y =y, + yp1 + ¥p2 + Vp3
y = cie* + cxe* + cze*+x?+3x + 5+ zxe‘x —

%cos 2x + % sin 2x
(D?+5D)y = (x — 1)e*
(D2 +5D)y =0

The characteristic equation is
m?2+5m=0

m(m+5) =0

m; =0, m,=-5,

Y. = cre™* + c,e2¥

5x

y, = c1e%* + ce”
yvi=1, y,=e"

5x



Tofind y, = f(x) = (x —1e* = xe* —e*

yp = Axe* + Be* - y, = Axe* + Ae* + Be*

Vp = Axe* + Ae* + Ae* + Be* - y; = Axe* + 2Ae* + Be*
Axe* + 2Ae* + Be* 4+ 5Axe* + 5Ae* + 5Be* = xe* —e*
6A=1-> A=-

TA+6B=-1 > B="2
— 1 .,x_13 x
Yp = xet ——-e
the general solution y =y, + y,
_ —5x l X_E X
y =c +cye +6xe 366

Method of variation of parameterizes

Examples: find the general solution of the ODE

1- (D? + 1)y = secx
(D2 + 1y =0
The characteristic equation is
m?+1=0
my, = +i
Yo = e%*(cq cos bx + ¢, sin bx)
Ye = €1 COSX + CySinx
Y1 = COSX, Yy, =Ssinx

To find y, — f(x) =secx

Yp = N1y1 + Ny,
COS X sin x

—sinx CcoSx
f sin x.secx sin x

=cos?x +sin?x =1

w( ):|3’1 3’2|:
YY) =yl oy
YZ-f(x):

= In|cos x|
w 1 COS X

N1:_



_ (Y1 f(x) _ cosx.secx _  rcCOSX _
Nz—f w _f 1 fcosx_x
Yp = cos x In|cos x| + x sinx
the general solution y =y, +y,

y = c¢;cosx + ¢, sinx + cos x In|cos x| + xsinx

e3x

(D2_6D+9)y:F

(D2 —-6D+9)y=0

The characteristic equation is
m?—6m+9=0
(m-3)(m—-3)=0

m =3, m, =3

Y. = c;e™* + c,xe™2*

V. = cre3* + c,xe3*

y1 = e, y, =xe’*

3x

To find y, - f(x) =ex—2
Yp = N1y1 + Nay,

Yi Y2 eSx X€3x
W(}’p}’z) = [y’ = 3x 3x 3x
Y1 Y2 3e 3xe** +e
= 3xeb% + %% — 3xeb* = 5%
3x e3x
Y2.f(X) xe w7 1
N =—|—=—||—X=[-=—In|x
Y P iCa Ny puir Ry P
3% e3x
N =f3/1-f(x)=fe w2 _ 1 _ 1
2 w ebx x2 X
yp = —e3*In|x| — e3¥

the general solution y =y, +y,

y = ¢ e3* + c,xe3* — e3¥n|x| — e3¥



H.W. Find the general solution of the differential equation
1-- (D2 4+ 2D — 3)y = (x + 1)2e*’

2--(D*+ D —-2)y=3e*+1

3--(D* +4D + 4)y = x*> —e™*

ex

(1-x)?

4-- (D2 =2D + 1)y =

5--(D? — 2D + 2)y =sinx + 3cosx

6-- (D? — 2D + 2)y = x(sinx + 1)

7-- (D? — 4D + 4)y = x?In (x)

8-- (D3 —5D? —7D — 1)y = e 3* cosh x

9-- (D3 —3D? +4)y = 2 — 3x + x?

10-- (D3 + 2D? + D)y = 3e™* — 2x? — x + 4 sin 3x
11-- (D3 — 3D — 2)y = e*cosx

X

12-- (2D + 1)%y = 4ez
13- (D* + 3D? — 4)y = (e?* + 3)?

14-- (D3 —4D% + 2D — 8)y = e*(cos 2x + x2) — 6
15-- (4D3 + 16D? + 21D + 9)y = cosh 2x

16-- (D? — 13D — 12)y = tan 5x

17-- (9D? — 12D +4)y = e+ + e~ * +V2x + 1
18--(D3 + 6D% + 3D — 10)y = (4 — x?)?



