linear differential equation with variable coefficient(Euler — Cauchy

equation)

it has form: -

dle _ dn—1y
Anx" —2 + ap_1 X" 1 =t 4y = () e (D)
or (apx™D™ + ap_1x" D" 14+ ag))y =0 ie e e (2)
we can write as the form (X7, a,x" "D* 1y = f(x) ... ... ... (3)

where a, are constant, f(x) is function of x is called an Euler — Cauchy
equation. to solve this equation, we put

dz 1
letx =e? - z=1In(x) then ===
dx X

d d dz d d 1 d d
- - AN ()
dx dz dx dx dz x dx dz

d’y _ d (dy) _d (dy 1) 1 ,d*y dy

dx2 dx \dx/) dx \dz "x) x2 ‘“dz?2 dz

2 2 2
2 =8y (28 g2y Gy =d(d — 1)y .......(5)

dx? dz? dz dx?

By induction x*D"y = d(d — 1)(d — 2) ... ... d-r+1).... (6)

Where dy = Z—jz]

Examples: find the general solution of the ODE
1- (4x?D? —3xD +3)y =0
dz

letx =e? - z=In(x) thena=i
xD=d and x?D?>=d(d—-1) =d?*—-d
[4(d? —d) —3d + 3]y =0

(4d* —=7d +3)y =0

4m? —7m+3=0
(4dm—-3)(m—-1)=0



4nm -3 =0 - my =

NIR A~ w

m—1=0 - m,=

the general solution y = ¢, e™? 4 ¢,e™2?
= iln(x) 1

y =cies +ce? - y=ces + c,eln®)
3 3

Y = C1X4 + X Vi =X4, Y, =X

(x2D? + 5xD + 4)y = Inx?

letx =e? - z=In(x) then & =1
dx X

xD=d and x?D?* =d(d—-1)=d?*—-d

(d2—d+5d+4)y=0

(d?>+4d +4)y=0

m?+4m+4=0

(m+2)(m+2)=0

m1 == mz == _2
V. = cie™? + cyze™2?  y. = cie" % + cyze”
y. = c;e 20 4 ¢, In(x) e=21n()

_ 1 In(x) 1 __In(x)
yC_C1;+C2 x2 yl_;' yZ_ x2

To find y, — f(2) =2z
Yp=A4z+B y,=A y, =0
0+4A+4Az+ B =2z
z4A=2 > A=
C:4A+B=0 > B==

1 1 1 1
Yp=3775 Y =3I 3
the general solution y =y, +y,
In(x)
x2

1 1 1
y=c5+c +Eln(x)—5



3- (D3 + 2x2D% + 2)y = 10(x +-)
letx =e? - z=1In(x) then Z—i=§
xD=d , x*D?=d(d—-1)=d*-d
x3D3 =d(d—-1)(d—-2) =d3—-3d*+ 2d
(d® —3d?+2d + 2d? — 2d + 2)y = 10e? + 10e™?
(d3 —d?+2)y = 10eZ + 10e~2
m3—-m?2+2=0

m=-1 -> m+1=0
m?—-2m+2=0
__ —b*Vb?—-4ac _ 2%V4-8
2,3 = 2a - Ma3 = —5
_ 244 _242i
mp3 = - mp3 =

2
m2'3=1ii m2=1+i,m3=1—i

Y. = c;e™% + e%(c, cos bz + ¢, sin bz)

Ve = e % 4+ e#(c, cos z + ¢3 sin z)

V. = e~ ) 4 eIn®) (¢, cosIn(x) + c3 sinIn(x))
Yo = % + x(c, cosIn(x) + c3 sinln(x))

y2 ==, y2 =xcos[In(x)] , y;=xsin[In(x)]

To find y, — f(z) = 10e? + 10e™*

yp = Ae” + Bze™”

yp = Ae? — Bze™? + Be™”

Yy = Ae? + Bze™” —Be™” —Be™*

yp, = Ae? + Bze™” — 2Be™*

Y, = Ae? —Bze ™+ Be™? + 2Be™”

Y, = Ae? —Bze ? + 3Be™?

Ae? —Bze ? 4+ 3Be™? — Ae” — Bze “ 4+ 2Be % 4+ 24e? +
2Bze™% = 10e? 4+ 10e™?



2Ae? + 5Be™? = 10e? + 10e™?

e?:2A =10 - A=5

e?:5B=10 - B =2

yp =5e%+2ze™? - y,= 5e"®) 4+ 2n(x) e~ ™)

21In(x)
x

Yp = 5x +

the general solution y =y, + y,
2In(x)
X

y = % + x(c, cosIn(x) + c3 sinln(x)) + 5x +

(x3D3 + 3x2D? — 2xD + 2)y = cos(Inx?)
dz 1

letx =e# —» z=1In(x) then =

xD=d, x?D?=d(d—-1) =d*—-d

x3D3 =d(d—-1)(d—-2)=d3®—-3d*+ 2d

(d® —3d?+ 2d + 3d? —3d — 2d + 2)y = cos 2z
(d3 —d +2)y = cos 2z

m3—-3m+2=0

m=1 - m—-—1=0

mi+m—-—2=0

(m+2)(m—-1)=0

m,=1 mg=-2

Yo = c;e™% 4+ c,ze™2% + c;e™3?

V. = creZ + c,ze? + cze” %
Ye = €1X + cyxlnx + %

To find y, — f(z) = cos2z
Yp = Acos 2z + B sin 2z

Yp = —2Asin 2z +2B cos 2z
Yp = —4Acos2z — 4B sin 2z

¥y = 8Asin2z —8B cos 2z



8Asin2z —8B cos 2z + 6Asin 2z —6B cos 2z + 2A cos 2z +

2B sin 2z = cos 2z
cos2z: —8B —6B+24A=1 - —14B+2A=1 ..... (D

sin2z:84+6A+ 2B =0 - 2B+14A=0...... (2)
A:L ,B=_—7
100 100
1 7 .
Vp =ECOSZZ—ESIHZZ

Vp = %00 cos 21In(x) — ﬁ sin 2 In(x)
the general solution y =y, + y,

_ &4 1 _ TG
y = c1x + cpxlnx + — + 75508 21In(x) 5 sin 21In(x)

H.W. Find the general solution of the differential equation

1-- x%y" — 7xy' + 16y = x*Inx
2--x3y"" + 2xy' — 2y = sinInx

3-- (x2D? — 3xD + 4)y = 3x%Inx + 2
4--x%y" +xy' =9y =x3 -1

5-- (x3D3 — 3x*D?* + 6xD — 6)y =0
6-- (2x2D? + 5xD + 1)y = —

x3



