
linear differential equation with variable coefficient(Euler – Cauchy 

equation) 

it has form: -  

𝑎𝑛𝑥𝑛 𝑑𝑛𝑦

𝑑𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 𝑑𝑛−1𝑦

𝑑𝑥𝑛−1 + ⋯ + 𝑎0𝑦 = 𝑓(𝑥) … … … … … … . (1)  

or (𝑎𝑛𝑥𝑛𝐷𝑛 + 𝑎𝑛−1𝑥𝑛−1𝐷𝑛−1 + ⋯ + 𝑎0)𝑦 = 0 … … … … … … . (2) 

we can write as the form (∑ 𝑎𝑟𝑥𝑛−𝑟𝐷𝑛−1)𝑛
𝑟=0 𝑦 = 𝑓(𝑥) … … … (3) 

where 𝑎𝑟 are constant, 𝑓(𝑥) is function of x is called an Euler – Cauchy 

equation. to solve this equation, we put  

let 𝑥 = 𝑒𝑧   →   𝑧 = ln(𝑥)   𝑡ℎ𝑒𝑛 
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  𝑜𝑟  𝑥2 𝑑2𝑦

𝑑𝑥2
= 𝑑2𝑦 − 𝑑𝑦 = 𝑑(𝑑 − 1)𝑦 … … . (5)  

By induction 𝑥𝑛𝐷𝑛𝑦 = 𝑑(𝑑 − 1)(𝑑 − 2) … … (𝑑 − 𝑟 + 1) … … (6) 

Where 𝑑𝑦 =
𝑑𝑦

𝑑𝑧
 

Examples: find the general solution of the ODE 

1- (4𝑥2𝐷2 − 3𝑥𝐷 + 3)𝑦 = 0 

let 𝑥 = 𝑒𝑧   →   𝑧 = ln(𝑥)   𝑡ℎ𝑒𝑛 
𝑑𝑧

𝑑𝑥
=

1

𝑥
 

𝑥𝐷 = 𝑑   𝑎𝑛𝑑  𝑥2𝐷2 = 𝑑(𝑑 − 1) = 𝑑2 − 𝑑   

[4(𝑑2 − 𝑑) − 3𝑑 + 3]𝑦 = 0  

(4𝑑2 − 7𝑑 + 3)𝑦 = 0  

4𝑚2 − 7𝑚 + 3 = 0  

(4𝑚 − 3)(𝑚 − 1) = 0  



4𝑚 − 3 = 0  →    𝑚1 =
3

4
  

𝑚 − 1 = 0     →   𝑚2 =
1

2
  

the general solution 𝑦 = 𝑐1𝑒𝑚1𝑧 + 𝑐2𝑒𝑚2𝑧  

𝑦 = 𝑐1𝑒
3

4
𝑧 + 𝑐2𝑒𝑧    →   𝑦 = 𝑐1𝑒

3

4
ln(𝑥) + 𝑐2𝑒ln(𝑥)  

𝑦 = 𝑐1𝑥
3

4 + 𝑐2𝑥       𝑦1 = 𝑥
3

4  ,    𝑦2 = 𝑥  

 

2- (𝑥2𝐷2 + 5𝑥𝐷 + 4)𝑦 = ln 𝑥2  

let 𝑥 = 𝑒𝑧   →   𝑧 = ln(𝑥)   𝑡ℎ𝑒𝑛 
𝑑𝑧

𝑑𝑥
=

1

𝑥
 

𝑥𝐷 = 𝑑   𝑎𝑛𝑑  𝑥2𝐷2 = 𝑑(𝑑 − 1) = 𝑑2 − 𝑑   

(𝑑2 − 𝑑 + 5𝑑 + 4)𝑦 = 0  

(𝑑2 + 4𝑑 + 4)𝑦 = 0   

𝑚2 + 4𝑚 + 4 = 0  

(𝑚 + 2)(𝑚 + 2) = 0  

𝑚1 = 𝑚2 = −2  

𝑦𝑐 = 𝑐1𝑒𝑚1𝑧 + 𝑐2𝑧𝑒𝑚2𝑧      𝑦𝑐 = 𝑐1𝑒−2𝑧 + 𝑐2𝑧𝑒−2𝑧  

𝑦𝑐 = 𝑐1𝑒−2 ln(𝑥) + 𝑐2 ln(𝑥) 𝑒−2 ln(𝑥)  

𝑦𝑐 = 𝑐1
1

𝑥2 + 𝑐2
ln(𝑥)

𝑥2      𝑦1 =
1

𝑥2   ,    𝑦2 =
ln(𝑥)

𝑥2       

To find  𝑦𝑝   →  𝑓(𝑧) = 2𝑧  

𝑦𝑝 = 𝐴𝑧 + 𝐵   𝑦𝑝
′ = 𝐴    𝑦𝑝

′′ = 0  

0 + 4𝐴 + 4𝐴𝑧 + 𝐵 = 2𝑧  

𝑧: 4𝐴 = 2   → 𝐴 =
1

2
  

𝐶:  4𝐴 + 𝐵 = 0   →   𝐵 =
−1

2
  

𝑦𝑝 =
1

2
𝑧 −

1

2
          𝑦𝑝 =

1

2
ln(𝑥) −

1

2
  

the general solution   𝑦 = 𝑦𝑐 + 𝑦𝑝 

𝑦 = 𝑐1
1

𝑥2 + 𝑐2
ln(𝑥)

𝑥2 +
1

2
ln(𝑥) −

1

2
      



3- (𝑥3𝐷3 + 2𝑥2𝐷2 + 2)𝑦 = 10(𝑥 +
1

𝑥
) 

let 𝑥 = 𝑒𝑧   →   𝑧 = ln(𝑥)   𝑡ℎ𝑒𝑛 
𝑑𝑧

𝑑𝑥
=

1

𝑥
 

𝑥𝐷 = 𝑑  , 𝑥2𝐷2 = 𝑑(𝑑 − 1) = 𝑑2 − 𝑑    

𝑥3𝐷3 = 𝑑(𝑑 − 1)(𝑑 − 2) = 𝑑3 − 3𝑑2 + 2𝑑  

(𝑑3 − 3𝑑2 + 2𝑑 + 2𝑑2 − 2𝑑 + 2)𝑦 = 10𝑒𝑧 + 10𝑒−𝑧  

(𝑑3 − 𝑑2 + 2)𝑦 = 10𝑒𝑧 + 10𝑒−𝑧  

𝑚3 − 𝑚2 + 2 = 0  

𝑚1 = −1  →   𝑚 + 1 = 0  

𝑚2 − 2𝑚 + 2 = 0  

𝑚2,3 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
   →          𝑚2,3 =

2±√4−8

2
  

𝑚2,3 =
2±√−4

2
          →            𝑚2,3 =

2±2𝑖

2
  

𝑚2,3 = 1 ± 𝑖      𝑚2 = 1 + 𝑖   ,   𝑚3 = 1 − 𝑖   

𝑦𝑐 = 𝑐1𝑒𝑚1𝑧 + 𝑒𝑎𝑧(𝑐2 cos 𝑏𝑧 + 𝑐2 sin 𝑏𝑧)  

𝑦𝑐 = 𝑐1𝑒−𝑧 + 𝑒𝑧(𝑐2 cos 𝑧 + 𝑐3 sin 𝑧)  

𝑦𝑐 = 𝑐1𝑒− ln(𝑥) + 𝑒ln(𝑥)(𝑐2 cos ln(𝑥) + 𝑐3 sin ln(𝑥))  

𝑦𝑐 =
𝑐1

𝑥
+ 𝑥(𝑐2 cos ln(𝑥) + 𝑐3 sin ln(𝑥))  

𝑦2 =
1

𝑥
  ,   𝑦2 = 𝑥 cos[ln(𝑥)]    ,    𝑦3 = 𝑥 sin[ln(𝑥)]   

To find  𝑦𝑝   →  𝑓(𝑧) = 10𝑒𝑧 + 10𝑒−𝑧  

𝑦𝑝 = 𝐴𝑒𝑧 + 𝐵𝑧𝑒−𝑧  

𝑦𝑝
′ = 𝐴𝑒𝑧 − 𝐵𝑧𝑒−𝑧 + 𝐵𝑒−𝑧  

𝑦𝑝
′′ = 𝐴𝑒𝑧 + 𝐵𝑧𝑒−𝑧 − 𝐵𝑒−𝑧 − 𝐵𝑒−𝑧  

𝑦𝑝
′′ = 𝐴𝑒𝑧 + 𝐵𝑧𝑒−𝑧 − 2𝐵𝑒−𝑧  

𝑦𝑝
′′′ = 𝐴𝑒𝑧 − 𝐵𝑧𝑒−𝑧 + 𝐵𝑒−𝑧 + 2𝐵𝑒−𝑧  

𝑦𝑝
′′′ = 𝐴𝑒𝑧 − 𝐵𝑧𝑒−𝑧 + 3𝐵𝑒−𝑧  

𝐴𝑒𝑧 − 𝐵𝑧𝑒−𝑧 + 3𝐵𝑒−𝑧 − 𝐴𝑒𝑧 − 𝐵𝑧𝑒−𝑧 + 2𝐵𝑒−𝑧 + 2𝐴𝑒𝑧 +

2𝐵𝑧𝑒−𝑧 = 10𝑒𝑧 + 10𝑒−𝑧  



2𝐴𝑒𝑧 + 5𝐵𝑒−𝑧 = 10𝑒𝑧 + 10𝑒−𝑧    

𝑒𝑧: 2𝐴 = 10  → 𝐴 = 5  

𝑒𝑧: 5𝐵 = 10  → 𝐵 = 2  

𝑦𝑝 = 5𝑒𝑧 + 2𝑧𝑒−𝑧    →    𝑦𝑝 = 5𝑒 ln(𝑥) + 2 ln(𝑥) 𝑒− ln(𝑥)  

𝑦𝑝 = 5𝑥 +
2 ln(𝑥)

𝑥
  

the general solution   𝑦 = 𝑦𝑐 + 𝑦𝑝 

𝑦 =
𝑐1

𝑥
+ 𝑥(𝑐2 cos ln(𝑥) + 𝑐3 sin ln(𝑥)) + 5𝑥 +

2 ln(𝑥)

𝑥
  

 

4- (𝑥3𝐷3 + 3𝑥2𝐷2 − 2𝑥𝐷 + 2)𝑦 = cos(𝑙𝑛𝑥2) 

let 𝑥 = 𝑒𝑧   →   𝑧 = ln(𝑥)   𝑡ℎ𝑒𝑛 
𝑑𝑧

𝑑𝑥
=

1

𝑥
 

𝑥𝐷 = 𝑑  , 𝑥2𝐷2 = 𝑑(𝑑 − 1) = 𝑑2 − 𝑑    

𝑥3𝐷3 = 𝑑(𝑑 − 1)(𝑑 − 2) = 𝑑3 − 3𝑑2 + 2𝑑  

(𝑑3 − 3𝑑2 + 2𝑑 + 3𝑑2 − 3𝑑 − 2𝑑 + 2)𝑦 = cos 2𝑧  

(𝑑3 − 𝑑 + 2)𝑦 = cos 2𝑧  

𝑚3 − 3𝑚 + 2 = 0  

𝑚1 = 1  →   𝑚 − 1 = 0  

𝑚2 + 𝑚 − 2 = 0  

(𝑚 + 2)(𝑚 − 1) = 0  

𝑚2 = 1     𝑚3 = −2 

𝑦𝑐 = 𝑐1𝑒𝑚1𝑧 + 𝑐2𝑧𝑒𝑚2𝑧 + 𝑐3𝑒𝑚3𝑧  

𝑦𝑐 = 𝑐1𝑒𝑧 + 𝑐2𝑧𝑒𝑧 + 𝑐3𝑒−2𝑧  

𝑦𝑐 = 𝑐1𝑥 + 𝑐2𝑥𝑙𝑛𝑥 +
𝑐3

𝑥2  

To find  𝑦𝑝   →  𝑓(𝑧) = cos 2𝑧  

𝑦𝑝 = A cos 2𝑧 + 𝐵 sin 2𝑧  

𝑦𝑝
′ = −2A sin 2𝑧 +2𝐵 cos 2𝑧  

𝑦𝑝
′′ = −4A cos 2𝑧 − 4𝐵 sin 2𝑧  

𝑦𝑝
′′′ = 8A sin 2𝑧 −8𝐵 cos 2𝑧  



8A sin 2𝑧 −8𝐵 cos 2𝑧 + 6A sin 2𝑧 −6𝐵 cos 2𝑧 + 2A cos 2𝑧 +

2𝐵 sin 2𝑧 = cos 2𝑧  

cos 2𝑧 : − 8𝐵 − 6𝐵 + 2𝐴 = 1  →  −14𝐵 + 2𝐴 = 1 … … (1)  

sin 2𝑧 : 8𝐴 + 6𝐴 + 2𝐵 = 0       →   2𝐵 + 14𝐴 = 0 … … … (2)  

𝐴 =
1

100
  , 𝐵 =

−7

100
  

𝑦𝑝 =
1

100
cos 2𝑧 −

7

100
sin 2𝑧    

𝑦𝑝 =
1

100
cos 2 ln(𝑥) −

7

100
sin 2 ln(𝑥)   

the general solution   𝑦 = 𝑦𝑐 + 𝑦𝑝 

𝑦 = 𝑐1𝑥 + 𝑐2𝑥𝑙𝑛𝑥 +
𝑐3

𝑥2 +
1

100
cos 2 ln(𝑥) −

7

100
sin 2 ln(𝑥)  

 

H.W. Find the general solution of the differential equation  

1-- 𝑥2𝑦′′ − 7𝑥𝑦′ + 16𝑦 = 𝑥4𝑙𝑛𝑥 

2-- 𝑥3𝑦′′′ + 2𝑥𝑦′ − 2𝑦 = sin 𝑙𝑛𝑥 

3-- (𝑥2𝐷2 − 3𝑥𝐷 + 4)𝑦 = 3𝑥2𝑙𝑛𝑥 + 2 

4-- 𝑥2𝑦′′ + 𝑥𝑦′ − 9𝑦 = 𝑥3 − 1 

5-- (𝑥3𝐷3 − 3𝑥2𝐷2 + 6𝑥𝐷 − 6)𝑦 = 0 

6-- (2𝑥2𝐷2 + 5𝑥𝐷 + 1)𝑦 =
6

𝑥3 


