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2- The Definite integral  المحدد  لالتكام      

Theorem: 

If 𝑓  is continuous on ሾ𝑎, 𝑏ሿ  and 𝐹  is any anti_derivation of 𝑓   

ሾ𝑎, 𝑏ሿ  then  

න 𝑓ሺ𝑥ሻ 𝑑𝑥 = 𝐹ሺ𝑏ሻ − 𝐹ሺ𝑎ሻ
𝑏

𝑎

 

It is called the definite integral.  

Example:  

Evaluate the integral  ׬ ൫𝑥4 + 3 𝑥2 − 𝑥 + 1൯ 𝑑𝑥
2

1
 

Solution:  

න ൫𝑥4 + 3 𝑥2 − 𝑥 + 1൯ 𝑑𝑥
2

1

= ሾ
𝑥5

5
+

3𝑥3

3
−

𝑥2

2
+ 𝑥ሿ1

2 

=[
ሺ2ሻ5

5
+

3ሺ2ሻ3

3
−

ሺ2ሻ2

2
+ 2]-[ 

ሺ1ሻ5

5
+

3ሺ1ሻ3

3
−

ሺ1ሻ2

2
+ 1] 

= ሾ
32

5
+ 8 − 2 + 2ሿ − ሾ

1

5
+ 1 − 1 + 1ሿ 

=
31

5
+ 7 

=
66

5
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Example:  

Evaluate the integral 

න 𝑐𝑜𝑠 𝑥     𝑑𝑥 

𝜋
2

0

 

Solution: 

න 𝑐𝑜𝑠 𝑥     𝑑𝑥 

𝜋
2

0

= ሾ𝑠𝑖𝑛 𝑥ሿ0

𝜋
2  

= 𝑠𝑖𝑛
𝜋

2
 −  𝑠𝑖𝑛0 

= 1 

Properties of definite integral                           خواص التكامل المحدد 

1- If a is in the domain of 𝑓  we have  

න 𝑓ሺ𝑥ሻ𝑑𝑥 = 0
𝑎

𝑎

 

 

׬ -2 𝑓ሺ𝑥ሻ𝑑𝑥 = − ׬ 𝑓ሺ𝑥ሻ𝑑𝑥
𝑎

𝑏

𝑏

𝑎
 

׬ -3 𝑘𝑓ሺ𝑥ሻ𝑑𝑥 = 𝑘 ׬ 𝑓ሺ𝑥ሻ𝑑𝑥
𝑏

𝑎

𝑏

𝑎
 

׬ -4 ሺ𝑓ሺ𝑥ሻ ± 𝑔ሺ𝑥ሻሻ𝑑𝑥
𝑏

𝑎
= ׬ 𝑓ሺ𝑥ሻ𝑑𝑥 ± ׬ 𝑔ሺ𝑥ሻ𝑑𝑥

𝑏

𝑎

𝑏

𝑎
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5-  If 𝑓ሺ𝑥ሻ  is continuous on [a, c] such that 𝑎 < 𝑏 < 𝑐  then 

න 𝑓ሺ𝑥ሻ𝑑𝑥
𝑏

𝑎

+ න 𝑓ሺ𝑥ሻ𝑑𝑥
𝑐

𝑏

= න 𝑓ሺ𝑥ሻ𝑑𝑥
𝑐

𝑎

 

Example:  

Evaluate the following integrals 

׬ -1 ሺ𝑥2 + 2𝑥ሻ𝑑𝑥 
3

0
 

න ሺ𝑥2 + 2𝑥ሻ𝑑𝑥 
3

0

= ሾ
𝑥3

3
+ 2

𝑥2

2
ሿ0

3 

= ሾሺ
ሺ3ሻ3

3
+ 2

ሺ3ሻ2

2
ሻ − ሺ

ሺ0ሻ3

3
+ 2

ሺ0ሻ2

2
ሻሿ 

  

= 18 

׬ -2 ሺ𝑥 + 1ሻ𝑑𝑥
0

−1
 

න ሺ𝑥 + 1ሻ𝑑𝑥 = ሾ
𝑥2

2
+ 𝑥ሿ−1

0
0

−1

 

= ሺ0ሻ − ሺ
1

2
− 1ሻ 

=
1

2
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׬ -3
𝑑𝑥

ሺ𝑥−3ሻ

5

4
 

න
𝑑𝑥

ሺ𝑥 − 3ሻ
= ሾ𝑙𝑛 ሺ𝑥 − 3ሻሿ4

5
5

4

 

= 𝑙𝑛 ሺ5 − 3ሻ − 𝑙𝑛 ሺ4 − 3ሻ 

= 𝑙𝑛 ሺ2ሻ − 𝑙𝑛 ሺ1ሻ 

= 𝑙𝑛 ሺ2ሻ 

4- Let 𝑓ሺ𝑥ሻ = 𝑓ሺ𝑥ሻ = ൜
3𝑥 − 2, 𝑥 < 2

𝑥2, 𝑥 ≥ 2
      find ׬ 𝑓ሺ𝑥ሻ𝑑𝑥

6

0
 

Solution: 

න 𝑓ሺ𝑥ሻ𝑑𝑥
6

0

= න ሺ3𝑥 − 2ሻ𝑑𝑥
2

0

+ න ሺ𝑥2ሻ𝑓ሺ𝑥ሻ𝑑𝑥
6

2

 

= ሾ
3𝑥2

2
− 2𝑥ሿ0

2 + ሾ
𝑥3

3
ሿ2

6 

ሺ
3ሺ2ሻ2

2
− 4ሻ + ሾሺ

ሺ6ሻ3

3
ሻ − ሺ

ሺ6ሻ2

3
ሻሿ 

= 
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Application of the Definite Integral       تطبيقات التكامل المحدد  

 The area under curve           المساحة تحت المنحني  

We can find the area between the graph of 𝑦 = 𝑓ሺ𝑥ሻ and the 

x-axis over the interval [a,b] by the following formula  

Area= ቚ׬ 𝑓ሺ𝑥ሻ𝑑𝑥
𝑏

𝑎
ቚ 

تم وضع علامة المطلق حول التكامل لان المساحة موجبة دائما. \م   

Example: 

Find the Area between the curve 𝑦 = 𝑥2 − 2𝑥 + 3  and the 

 x-axis from 𝑥 = 0 𝑡𝑜  𝑥 = 3 

solution: 

Area= ቚ׬ 𝑓ሺ𝑥ሻ𝑑𝑥
𝑏

𝑎
ቚ 

=ቚ׬ ሺ𝑥2 − 2𝑥 + 3ሻ𝑑𝑥
3

0
ቚ 

= ቤሾ
𝑥3

3
−

2𝑥2

2
+ 3𝑥ሿ0

3ቤ 
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= ቤሺ
ሺ3ሻ3

3
−

2ሺ3ሻ2

2
+ 3ሺ2ሻሻ − ሺ

ሺ0ሻ3

3
−

2ሺ0ሻ2

2
+ 3ሺ0ሻሻቤ 

= ฬሺ
27

3
− 9 + 9ሻ − ሺ0ሻฬ 

=9 

Example: 

Find the Area between the curve 𝑦 = 4 − 𝑥2   and the 

 x-axis.  

في هذا المثال اعطى منحني الدالة فقط ولم يعطي حدود التكامل وعليه يجب  \م 

 ايجاد حدود التكامل اولا.

التي تمثل حدود   𝑥   ولايجاد حدود التكامل نساوي الدالة بالصفر ونجد قيم 

 .التكامل

Solution: 

𝑦 = 4 − 𝑥2  

⇒ 4 − 𝑥2 = 0 

⇒ ሺ2 − 𝑥ሻሺ2 + 𝑥ሻ = 0 
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𝑒𝑖𝑡ℎ𝑒𝑟 𝑥 = −2    𝑜𝑟   𝑥 = 2  

 b=2و            a=-2الان اصبحت حدود التكامل 

Area= ቚ׬ 𝑓ሺ𝑥ሻ𝑑𝑥
𝑏

𝑎
ቚ 

= ቤන ሺ4 − 𝑥2ሻ
2

−2

ቤ 

= ቤሾ4𝑥 −
𝑥3

3
ሿ−2

2 ቤ 

= ቤሺ4ሺ2ሻ −
ሺ2ሻ3

3
ሻ − ሺ4ሺ−2ሻ −

ሺ−2ሻ3

3
ሻቤ 

=
32

3
 

Example: 

Find the total Area bounded by the curve 𝑦 = 𝑥3 − 4𝑥 and 

the x-axis.  

Solution:  

𝑥3 − 4𝑥 = 0 ⇒ 𝑥൫𝑥2 − 4൯ = 0 

𝑥ሺ𝑥 − 2ሻሺ𝑥 + 2ሻ = 0 
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either 𝑥 = 0  or 𝑥 = 2  , 𝑥 = −2 

 نلاحظ هنا اصبحت لدينا ثلاثة حدود 

 Area=ห𝐴1ห + ห𝐴2ห 

= ቤන ሺ𝑥3 − 4𝑥ሻ𝑑𝑥
0

−2

ቤ + ቤන ሺ𝑥3 − 4𝑥ሻ𝑑𝑥
2

0

ቤ 

ห𝐴1ห = ቤන ሺ𝑥3 − 4𝑥ሻ𝑑𝑥
0

−2

ቤ = ሾ
𝑥4

4
−

4𝑥2

2
ሿ−2

0 = ฬ0 − ሺ
16

4
− 8ሻฬ

= 4 

ห𝐴2ห = ቤන ሺ𝑥3 − 4𝑥ሻ𝑑𝑥
2

0

ቤ = ሾ
𝑥4

4
−

4𝑥2

2
ሿ0

2 = ฬሾ
16

4
− 8ሿ − ሾ0ሿฬ

= 4 

Thus Area=ห𝐴1ห + ห𝐴2ห = 4 + 4 = 8 

Example: 

Find the total Area of the region between the curves 

 𝑦 = 𝑥3 − 𝑥2 − 6𝑥 and the x-axis over the interval [-2,2]. 
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Solution: 

𝑥3 − 𝑥2 − 6𝑥 = 0 ⇒ 𝑥ሺ𝑥2 − 𝑥 − 6ሻ = 0 

𝒙ሺ𝒙 − 𝟑ሻሺ𝒙 + 𝟐ሻ = 𝟎 

Either 𝑥 = 0  or 𝑥 = 3  , 𝑥 = −2 

 نلاحظ هناك ثلاث قيم لل 

 نحدد القيم التي داخل الفترة المعطاة في السؤال فقط 

 خارج الفترة وعليه تهمل في الحل  3هي داخل الفترة ولكن   0 ,2-وعليه 

Area=ห𝐴1ห + ห𝐴2ห 

Area= ቚ׬ 𝑓ሺ𝑥ሻ𝑑𝑥
0

−2
ቚ +Area= ቚ׬ 𝑓ሺ𝑥ሻ𝑑𝑥

2

0
ቚ 

ห𝐴1ห = ቤන ሺ𝑥3 − 𝑥2 − 6𝑥ሻ
0

−2

ቤ = ቤሾ
𝑥4

4
−

𝑥3

3
−

6𝑥2

2
ሿ−2

0 ቤ 

= ฬሾ0ሿ − ሾ
16

4
−

−8

3
−

24

2
ሿฬ =

16

3
 

ห𝐴2ห = ቤන ሺ𝑥3 − 𝑥2 − 6𝑥ሻ
2

0

ቤ = ቤሾ
𝑥4

4
−

𝑥3

3
−

6𝑥2

2
ሿ0

2ቤ 

= ฬሾ
16

4
−

8

3
−

24

2
ሿ − ሾ0ሿฬ 
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=
32

3
 

Thus Area=ห𝐴1ห + ห𝐴2ห =
16

3
+

32

3
= 16 

 

Double integral              التكامل المضاعف 

The properties of double integrals: 

Double integrals over region R of continuous functions have 

the following properties: 

׭ -1 𝑘ሺ𝑓ሺ𝑥, 𝑦ሻሻ𝑑𝑥 𝑑𝑦 = 𝑘 ׭ ሺ𝑓ሺ𝑥, 𝑦ሻሻ𝑑𝑥 𝑑𝑦
 

𝑅

 

𝑅
 

  x , yهي دالة معرفة بمتغيرين هما    f(x,y)نلاحظ هنا  

׭ -2 ሾ𝑓ሺ𝑥, 𝑦ሻሻ ± 𝑔ሺ𝑥, 𝑦ሻሻሿ
 

𝑅
𝑑𝑥 𝑑𝑦 = ׭ ሺ𝑓ሺ𝑥, 𝑦ሻሻ𝑑𝑥𝑑𝑦 ±

 

𝑅

׭ ሺ𝑔ሺ𝑥, 𝑦ሻሻ𝑑𝑥 𝑑𝑦
 

𝑅
 

3- If 𝑅 = 𝑅1 ∪ 𝑅2 then    

ඵ ሺ𝑓ሺ𝑥, 𝑦ሻሻ𝑑𝑥 = ඵ 𝑓ሺ𝑥, 𝑦ሻ𝑑𝑥𝑑𝑦 + ඵ 𝑓ሺ𝑥, 𝑦ሻ𝑑𝑥 𝑑𝑦
 

𝑅2

 

𝑅1

 

𝑅
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Theorem: (Fubini’s)(first order) 

If 𝑓ሺ𝑥, 𝑦ሻ is continuous function on the rectangular reign  

𝑅: 𝑎 ≤ 𝑥 ≤ 𝑏 , 𝑐 ≤ 𝑦 ≤ 𝑑  then 

ඵ 𝑓ሺ𝑥, 𝑦ሻ𝑑𝑥 𝑑𝑦 = න න 𝑓ሺ𝑥, 𝑦ሻ𝑑𝑥𝑑𝑦 = න න 𝑓ሺ𝑥, 𝑦ሻ𝑑𝑦𝑑𝑥
𝑑

𝑐

𝑏

𝑎

𝑏

𝑎

𝑑

𝑐

 

𝑅

 

 

Example: 

Calculate ׬ ׬ ሺ𝑥 + 3𝑦ሻ 𝑑𝑥 𝑑𝑦
1

0

3

2
 

Solution: 

න ሾሾ
𝑥2

2
+ 3 𝑦 𝑥ሿ0

1ሿ𝑑𝑦
3

2

 

= න ሾሺ
ሺ1ሻ2

2
+ 3 𝑦 ሺ1ሻሻ − ሺ0ሻሿ𝑑𝑦

3

2

 

= න ሺ
1

2
+ 3 𝑦ሻ 𝑑𝑦

3

2

 

= ሾሺ
1

2
𝑦 + 3 

𝑦2

2
ሻ ሿ2

3 

يعني نكامل بالنسبة     xالبداية مع 

  ثابتيعتبر  y  وال  xلل 
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= ቆ
1

2
ሺ3ሻ + 3 

ሺ3ሻ2

2
ቇ − ሺ

1

2
ሺ2ሻ + 3 

ሺ2ሻ2

2
ሻ 

 

= ሺ
30

2
ሻ − ሺ7ሻ 

= 8 

Example: 

Calculate ׬ ׬ ሺ𝑥 + 3𝑦ሻ 𝑑𝑦 𝑑𝑥
3

2

1

0
 

Solution: 

න න ሺ𝑥 + 3𝑦ሻ 𝑑𝑦 𝑑𝑥
3

2

1

0

= න ሾሾ𝑥𝑦 + 3
𝑦2

2
ሿ2

3ሿ
1

0

𝑑𝑥 

න ሺ𝑥ሺ3ሻ + 3
ሺ3ሻ2

2
ሻ − ሺ𝑥ሺ2ሻ + 3

ሺ2ሻ2

2
ሻ

1

0

𝑑𝑥 

 

න ሺ𝑥 +
15

2
ሻ

1

0

𝑑𝑥 

= ሾ
𝑥2

2
+

15

2
𝑥ሿ0

1  
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= ሺ
ሺ1ሻ2

2
+

15

2
ሺ1ሻሻ − ሺ0ሻ 

=
1

2
+

15

2
 

= 8 

Home work: 

Calculate each of the following double integrals 

׬ -1 ׬ ሺ𝑥 + 𝑦ሻ 𝑑𝑦 𝑑𝑥
3

0

2

0
 

׬ -2 ׬
 

ሺ𝑥 𝑦ሻ𝑑𝑦 𝑑𝑥
1

0

1

0
 

׬ -3 ׬ ሺ𝑥2 + 𝑦2ሻ 𝑑𝑥 𝑑𝑦
2

1

1

0
 

׬ -4 ׬ ሺ𝑥2 𝑦ሻ 𝑑𝑥 𝑑𝑦
3

0

2

0
 

 

 

 

 

 


